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A b s tr a c t
A pprox im ate  and s h o r t - c u t  methods  a r e  d e v e l o p e d  i n  t h i s  
d i s s e r t a t i o n  f o r  t h e  o p t i m a l  c o n t r o l  o f  n o n l i n e a r  s y s t e m s .  The ch e m ic a l  
r e a c t o r ,  an  i m p o r t a n t  n o n l i n e a r  s y s t e m ,  i s  used  a s  a n  exam ple  t h r o u g h o u t  
t h i s  work .  No e x p e r i m e n t a l  s t u d i e s  a r e  c a r r i e d  o u t ;  a l l  o f  t h e  work i s  
done on t h e  XDS Sigma V d i g i t a l  c o m p u te r ,  t h e  IBM 3 6 0 /6 5  d i g i t a l  com puter  
and t h e  XDS Sigma V - EAI 680 h y b r i d  com p u te r .
Two s h o r t - c u t  methods  a r e  d e v e l o p e d  t h a t  d e a l  w i t h  t h e  o p t i m a l  
t e m p e r a t u r e  f o r  homogenous,  r e v e r s i b l e ,  e x o t h e r m i c  r e a c t i o n s . .  The f i r s t  
c o n s i s t s  o f  a s e r i e s  o f  g r a p h s  t h a t  a l l o w  t h e  u s e r  t o  p i c k  o f f  t h e  
o p t i m a l  t e m p e r a t u r e  f o r  i s o t h e r m a l  o p e r a t i o n s  o f  b a t c h  and p l u g  f lo w  
r e a c t o r s .  The second  i s  a s i m p l i f i e d  g r a p h i c a l  method f o r  t h e  c a l c u l a t i o n  
o f  o p t i m a l  t e m p e r a t u r e  p r o f i l e s .
An a p p r o x i m a t e ,  d i r e c t  f i n i t e  d i f f e r e n c e  method i s  d e v e l o p e d  
and a p p l i e d  t o  many l i n e a r  and n o n l i n e a r  o p t i m a l  c o n t r o l  p r o b l e m s .  The 
r e s u l t s  a r e  compared w i t h  t h e  o p t i m a l  v a l u e s .
A p a r a m e t e r  s e a r c h  i s  used  t o  d e t e r m i n e ,  a p p r o x i m a t e l y ,  o p t i m a l  
c l o s e d  lo o p  a l g o r i t h m s  f o r  n o n l i n e a r  s y s t e m s .  The r e s u l t s  a r e  compared 
w i t h  t h o s e  o b t a i n e d  by l i n e a r i z a t i o n  and t h e  a p p l i c a t i o n  of o p t i m a l  
c o n t r o l  t h e o r y .
The p r o b le m  o f  d e t e r m i n i n g  a p p r o x i m a t e  o p t i m a l  c l o s e d  loop  
c o n t r o l  f o r  n o n l i n e a r  s y s t e m s  was a l s o  a p p ro a c h e d  f rom  a more t h e o r e t i c a l  
s t a n d p o i n t ,  b a s e d  on the  maximum p r i n c i p l e .  T h i s  s t u d y  r e s u l t e d  i n  a 




The r a p i d l y  i n c r e a s i n g  use  o f  t h e  d i g i t a l  com pute r  a s  a means 
o f  c o n t r o l l i n g  i n d u s t r i a l  p r o c e s s e s  h a s  made p o s s i b l e  the. u se  o f  advanced  
and  o p t i m a l  c o n t r o l  s t r a t e g i e s .
I m p l i c i t  i n  t h e  i m p l e m e n t a t i o n  'of any  advanc ed  or  o p t i m a l  
c o n t r o l  s t r a t e g y  i s  t h e  d e v e lo p m e n t  of  a dynamic  m a t h e m a t i c a l  model o f  
t h e  p r o c e s s  o r  s y s t e m  t o  be c o n t r o l l e d .  Most  c h e m ic a l  p r o c e s s e s  a r e  
n o n l i n e a r ,  d i s t r i b u t e d  p a r a m e t e r ,  n o n d e t e r m i n i s t i c  s y s t e m s  t h a t  a r e  v e r y  
d i f f i c u l t  t o  model .  F o r  t h i s  r e a s o n ,  e m p i r i c a l ,  l i n e a r  models  a r e  o f t e n  
d e v e l o p e d  b a s e d  on f r e q u e n c y  o r  t i m e  domain  a n a l y s i s  o f  i n p u t - o u t p u t  d a t a .
This  t y p e  model  i s  o f t e n  j u s t i f i e d  b e c a u s e  o f  t h e  c o m p l e x i t y  
o f  t h e  s y s t e m  and t h e  f a c t  t h a t  advanc ed  c o n t r o l  s t r a t e g y  can be 
d e v e l o p e d  more e a s i l y  f o r  t h e s e  s i m p l e  m o d e ls .
I f  t h e  p r o c e s s  i s  V 7 el l  u n d e r s t o o d ,  t h e o r e t i c a l l y  d e r i v e d  
n o n l i n e a r  m ode ls  t h a t  a r e  v a l i d a t e d  by a c t u a l  p r o c e s s  d a t a  s h o u l d  be 
a much more p o w e r f u l  t o o l .  Such t h e o r e t i c a l  mode ls  u s u s a l l y  r e q u i r e  
l e s s  p l a n t  d a t a .  E x t r a p o l a t i o n  o u t  o f  t h e  d a t a  r a n g e  i s  l e s s  r i s k y .
T y p i c a l  s y s t e m s  w here  s o p h i s t i c a t e d  mode ls  o f  t h i s  t y p e  may 
be j u s t i f i e d  a r e  d i s t i l l a t i o n  co lumns  and c h e m ic a l  r e a c t o r s .  I n  t h e  
c a s e  o f  t h e  d i s t i l l a t i o n  co lumn,  t h e  fo rm  o f  t h e  model  d i f f e r e n t i a l
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e q u a t i o n s  may be e s t a b l i s h e d  by w r i t i n g  m a t e r i a l ,  e n t h a l p y  and e q u i l i b r i u m  
r e l a t i o n s h i p s  a round  e a c h  s t a g e  o f  t h e  co lumn.  T h es e  b a s i c  e q u a t i o n s  
may t h e n  be " t u n e d - u p "  by a c t u a l  column d a t a .  F o r  t h e  c h e m i c a l  r e a c t o r ,  
u n s t e a d y  s t a t e  m a t e r i a l  and e n t h a l p y  b a l a n c e s  a l o n g  w i t h  t h e  a p p r o p r i a t e  
k i n e t i c  e x p r e s s i o n s  e s t a b l i s h  t h e  s t r u c t u r e  o f  t h e  e q u a t i o n s  w h ich  a r e  
t h e n  a d j u s t e d  w i t h  p l a n t  d a t a .
A f t e r  t h e  model  i s  d e v e l o p e d  and v a l i d a t e d ,  o p t i m a l  c o n t r o l  
s t r a t e g y  may be f o r m u l a t e d .  T h i s  r e s e a r c h  w i l l  be c o n c e r n e d  w i t h  t h i s  
f o r m u l a t i o n .  I t  w i l l  be assumed t h a t  t h e  s y s t e m  i d e n t i f i c a t i o n ,  o r  th e  
model  d e v e l o p m e n t ,  h a s  b e e n  a c c o m p l i s h e d .
U n f o r t u n a t e l y ,  d e v e lo p m e n t  o f  o p t i m a l  c o n t r o l  s t r a t e g i e s  f o r  
n o n l i n e a r  s y s t e m s  i s  n o t  a s  s t r a i g h t f o r w a r d  a s  f o r  s im p l e  l i n e a r  s y s t e m s .  
Methods b ased  on t h e  maximum p r i n c i p l e  u s u a l l y  l e a d  t o  n o n l i n e a r  two 
p o i n t  b o u n d a ry  v a l u e  p ro b lem s  w hich  a r e  t r o u b l e s o m e  t o  h a n d l e  n u m e r i c a l l y .  
The dynamic  programming a p p r o a c h  f r e q u e n t l y  r e q u i r e s  e x c e s s  com pute r  
memory.
The p u r p o s e  o f  t h i s  r e s e a r c h  i s  t o  d e v e l o p  a p p r o x i m a t e  and 
s h o r t - c u t  me thods  f o r  t h e  o p t i m a l  c o n t r o l  o f  n o n l i n e a r  s y s t e m s .  S in c e  
t h e r e  a r e  so many ways t h a t  n o n l i n e a r i t i e s  can  o c c u r  i n  s y s t e m  m o d e l s ,  a 
g e n e r a l  n o n l i n e a r  s y s t e m  c a n n o t  be s t u d i e d .  F o r  t h i s  r e a s o n ,  a v a r i e t y  o f  
" t y p i c a l "  n o n l i n e a r  s y s t e m s  w i l l  be c o n s i d e r e d .  C hem ica l  r e a c t o r  
exam ples  w i l l  be chosen  t h r o u g h o u t  t h i s  d i s s e r t a t i o n  b e c a u s e  t h e y  
r e p r e s e n t  one o f  t h e  most  common n o n l i n e a r  s y s t e m s  t h a t  t h e  c h e m ic a l  
e n g i n e e r  i s  f a c e d  w i t h .
I n  C h a p t e r  I I ,  t h e  p ro b le m  o f  s e l e c t i n g  t h e  o p t i m a l  t e m p e r a t u r e
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o r  t e m p e r a t u r e  p r o f i l e  f o r  homogeneous ,  r e v e r s i b l e ,  e x o t h e r m i c  r e a c t i o n s
i s  c o n s i d e r e d o  A s e r i e s  o f  g r a p h s  a r e  d e v e l o p e d  t h a t  a l l o w  t h e  u s e r
t o  p i c k  o f f  t h e  o p t i m a l  t e m p e r a t u r e  and c o n v e r s i o n  a t t a i n a b l e  f o r  t h e
i s o t h e r m a l  o p e r a t i o n  o f  b a t c h  o r  p l u g  f low  r e a c t o r s 0 A g r a p h i c a l
t e c h n i q u e  i s  a l s o  d e v e l o p e d  f o r  t h e  c a l c u l a t i o n  o f  o p t i m a l  t e m p e r a t u r e
p r o f i l e s o  Both  o f  t h e s e  t e c h n i q u e s  a r e  s u i t e d  f o r  a f a s t  " h an d "
c a l c u l a t i o n  and p r o v i d e  a means t o  a v o i d  t h e  c o m p l i c a t e d  n u m e r i c a l
p r o c e d u r e s  u s u a l l y  i n v o l v e d  i n  s u c h  s t u d i e s .  Most o f  t h i s  work  h a s
1 2b e e n  p u b l i s h e d  i n  two r e c e n t  a r t i c l e s  by t h e  a u t h o r  and G roves  5 .
I n  C h a p t e r  I I I ,  a d i r e c t  f i n i t e  d i f f e r e n c e  method i s  d e v e lo p e d
f o r  t h e  a p p r o x i m a t e  s o l u t i o n  o f  o p t i m a l  c o n t r o l  p r o b l e m s .  T h i s  r e d u c e s
t h e  s o l u t i o n  o f  t h e  o p t i m a l  c o n t r o l  p r o b l e m  t o  t h e  s o l u t i o n  o f  a s e t  of
a l g e b r a i c  e q u a t i o n s .  T h i s  method i s  a p p l i e d  t o  a w id e  v a r i e t y  o f  s y s t e m s
and t y p e s  o f  p r o b l e m s .  The r e s u l t s  a r e , i n  a l l  c a s e s ,  compared t o  th e
o p t i m a l  v a l u e s .  I t  i s  shown t h a t  a good a p p r o x i m a t i o n  t o  t h e  o p t i m a l
c o n t r o l  can be o b t a i n e d  by t h i s  m e th o d .  Much o f  t h i s  work  h a s  b e e n
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a c c e p t e d  f o r  p u b l i c a t i o n  a s  a  p a p e r  by t h e  a u t h o r  and G roves  .
The p ro b le m  o f  o b t a i n i n g  an  a p p r o x i m a t e  o p t i m a l  c l o s e d  loop  
o r  f e e d b a c k  c o n t r o l  a l g o r i t h m  f o r  n o n l i n e a r  s y s t e m s  i s  c o n s i d e r e d  i n  
C h a p t e r s  IV and V. O p t im a l  c o n t r o l  t h e o r y  u s u a l l y  c a n n o t  y i e l d  a 
f e e d b a c k  c o n t r o l  f o r  n o n l i n e a r  s y s t e m s ;  h e n c e ,  a p p r o x i m a t e  methods  must  
be c o n s i d e r e d .
I n  C h a p t e r  IV, a p a r a m e t e r  s e a r c h  i s  u s e d  t o  d e t e r m i n e  t h e  
c l o s e d  lo op  c o n t r o l  a l g o r i t h m .  T h i s  a p p r o a c h  i s  compared t o  l i n e a r i z a t i o n
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o f  t h e  n o n l i n e a r  s y s t e m  and t h e  a p p l i c a t i o n  o f  o p t i m a l  c o n t r o l  t h e o r y .
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T h i s  s t u d y  h a s  b e e n  p u b l i s h e d  by t h e  a u t h o r  and G roves  „
I n  C h a p t e r  V, a  more t h e o r e t i c a l  a p p r o a c h ,  b a s e d  on t h e  maximum 
p r i n c i p l e ,  i s  u s e d .  A " h y b r i d  c o n t r o l l e r "  i s  d e v e l o p e d  w h ic h  can  
com p en sa te  f o r  l a r g e  and u n e x p e c t e d  d i s t u r b a n c e s ! ,
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CHAPTER I I
TEMPERATURE OPTIMIZATION OF CHEMICAL REACTORS
I n t r o d u c t i o n
The h e a r t  o f  most  c h e m ic a l  p r o c e s s e s  i s  t h e  r e a c t i o n  s t e p .
The d i f f e r e n c e  be tw ee n  p r o f i t  and l o s s  u s u a l l y  depends  most  h e a v i l y  on
t h i s  s t e p .  F o r  t h i s  r e a s o n  much e f f o r t  s h o u ld  be d e v o t e d  t o  t h e
o p t i m a l  d e s i g n  and o p e r a t i o n  o f  t h e  r e a c t o r  a r e a .
I n  g e n e r a l ,  t h i s  i n v o l v e s  t h e  d e s i g n  o f  th e  r e a c t i o n  a r e a
such  t h a t  c a p i t a l  and o p e r a t i n g  c o s t s  a r e  m i n im i z e d .  O b t a i n i n g  t h i s
minimum t o t a l  c o s t  c o n f i g u r a t i o n  i n v o l v e s  c o n s i d e r i n g  such  i t e m s  as
m a t e r i a l s  o f  c o n s t r u c t i o n ,  i n s t r u m e n t a t i o n ,  c a t a l y s t  s y s t e m ,  o p e r a t i n g
l a b o r  c o s t s ,  p r o d u c t  p u r i f i c a t i o n  c o s t s  and h e a t  o r  c o o l i n g  c o s t s .
O b v io u s ly  due t o  t h e  many v a r i a b l e s  i n v o l v e d ,  eac h  r e a c t o r  s y s t e m  must
be c o n s i d e r e d  a s  a s e p a r a t e  c a s e  s t u d y .
We can  however  nar row  t h e  o p t i m i z a t i o n  p ro b le m  somewhat,  t h u s
a l l o w i n g  g e n e r a l i z a t i o n  o f  r e s u l t s  f o r  a w hole  c l a s s  o f  r e a c t i o n s .  To
do t h i s ,  we w i l l  l i m i t  o u r s e l v e s  t o  s e l e c t i n g  t h e  o p t i m a l  t e m p e r a t u r e
o r  t e m p e r a t u r e  s c h e d u l e  f o r  homogeneous ,  e x o t h e r m i c  r e v e r s i b l e  r e a c t i o n s .
We s h a l l  d e f i n e  o p t i m a l  a s  t h a t  t e m p e r a t u r e  t h a t  m axim izes  t h e  c o n v e r s i o n
i n  a s p e c i f i e d  r e a c t i o n  t i m e .  A r i s ^  shows t h a t  t h i s  i s  e q u i v a l e n t  t o
m i n i m i z i n g  t h e  r e a c t i o n  t i m e  n e c e s s a r y  t o  a c h i e v e  a d e s i r e d  c o n v e r s i o n .
Most  o f  t h e  m a t e r i a l  i n  t h i s  c h a p t e r  i s  p u b l i s h e d  i n  two r e c e n t
2 3a r t i c l e s  by  t h e  a u t h o r  and G ro v e s .  ’
A b r i e f  r e v i e w  o f  t h e  c h a r a c t e r i s t i c  d i f f e r e n c e s  b e tw ee n  e n d o t h e r m i c
6
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and  e x o t h e r m i c  r e v e r s i b l e  r e a c t i o n s  i s  h e l p f u l  i n  a p p r e c i a t i n g  t h e  
r e a s o n s  f o r  c o n s i d e r i n g  t h e  r e v e r s i b l e  e x o t h e r m i c  mechan isms .
F o r  most  e n d o t h e r m i c  r e v e r s i b l e  r e a c t i o n s ,  an i n c r e a s e  i n  
t e m p e r a t u r e  w i l l  i n c r e a s e  b o th  t h e  r e a c t i o n  r a t e  and t h e  e q u i l i b r i u m  
c o n v e r s i o n .  F o r  t h e s e  r e a c t i o n s ,  a s  f o r  most  s i n g l e  i r r e v e r s i b l e  
r e a c t i o n s ,  t h e  o p t i m a l  t e m p e r a t u r e  i s  t h e  maximum t e m p e r a t u r e  a t t a i n a b l e  
and  i s  s e t  by p h y s i c a l  f a c t o r s  su ch  a s  t h e  t e m p e r a t u r e  t h e  r e a c t o r  can 
w i t h s t a n d .
T h i s  i s  n o t  t h e  c a s e  f o r  e x o t h e r m i c ,  r e v e r s i b l e  r e a c t i o n s  (and  
some h e t e r o g e n e o u s  c a t a l y E e d  r e a c t i o n s ) . An i n c r e a s e  i n  t e m p e r a t u r e  f o r  
s u c h  r e a c t i o n s  c a u s e s  a d e c r e a s e  i n  e q u i l i b r i u m  c o n v e r s i o n .  Hence ,  th e  
b e s t  c h o i c e  o f  r e a c t i o n  t e m p e r a t u r e  p r o v i d e s  a compromise be tw ee n  h i g h  
r e a c t i o n  v e l o c i t y  a t  h i g h  t e m p e r a t u r e  and h ig h  e q u i l i b r i u m  c o n v e r s i o n  a t  
low t e m p e r a t u r e .  I t  becomes o b v io u s  t h a t  one s h o u ld  choose  a h ig h  
t e m p e r a t u r e  i n i t i a l l y  when th e  r e a c t i o n  i s  f a r  from e q u i l i b r i u m  and a 
l o w e r  t e m p e r a t u r e  a s  t h e  r e a c t i o n  n e a r s  t h e  e q u i l i b r i u m  c o n v e r s i o n .  A 
s i m p l i f i e d  p r o c e d u r e  t o  c a l c u l a t e  such  o p t i m a l  t e m p e r a t u r e  p r o f i l e s  w i l l  
be  d e v e l o p e d  i n  t h i s  c h a p t e r .
I n  many c a s e s  i t  i s  n o t  p r a c t i c a l  o r  e c o n o m ic a l  t o  o p e r a t e  a 
r e a c t o r  n o n i s o t h e r m a l l y  and f o l l o w  s u c h  an  o p t i m a l  t e m p e r a t u r e  p r o f i l e .
F o r  t h i s  r e a s o n  th e  o p t i m a l  i s o t h e r m a l  t e m p e r a t u r e  w i l l  a l s o  be c o n s i d e r e d .  
A s e r i e s  o f  p l o t s  w i l l  be d e v e lo p e d  t h a t  a l l o w  one t o  p i c k  o f f  t h e  b e s t  
i s o t h e r m a l  t e m p e r a t u r e  and  t h e  c o r r e s p o n d i n g  c o n v e r s i o n  a t t a i n a b l e  a s  a 
f u n c t i o n  o f  k i n e t i c  p a r a m e t e r s .
I s o t h e r m a l  O p e r a t i o n
D e t e r m i n a t i o n  o f  t h e  o p t i m a l  i s o t h e r m a l  o r  c o n s t a n t  t e m p e r a t u r e
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a t  w h ich  t o  o p e r a t e  a  r e a c t o r  f o r  c a r r y i n g  o u t  an  e x o t h e r m i c  r e v e r s i b l e  
r e a c t i o n  i s  a c l a s s i c a l  p a r a m t e r  o p t i m i z a t i o n  p r o b le m .
We a r e  t o  c hoose  a p a r a m e t e r ,  T,  t h a t  w i l l  maxim ize  t h e  
c o n v e r s i o n ,  x ,  o b t a i n e d  d u r i n g  a s p e c i f i e d  r e a c t i o n  t i m e .  The c o n v e r s i o n ,  
x,  i s  r e l a t e d  t o  t h e  t e m p e r a t u r e ,  T, by a d i f f e r e n t i a l  e q u a t i o n .  The 
fo rm  o f  t h i s  d i f f e r e n t i a l  e q u a t i o n  depends  upon t h e  p a r t i c u l a r  r e a c t i o n  
mechanism c o n s i d e r e d .
F i r s t  O rde r  I l l u s t r a t i o n : To i l l u s t r a t e  t h i s  t y p i c a l  p r o b le m  c o n s i d e r  t h e
f i r s t  o r d e r  r e v e r s i b l e  r e a c t i o n :
kf
A P • . . o . I I - l
k
w here  A i s  t h e  r e a c t a n t ,  P i s  t h e  d e s i r e d  p r o d u c t ,  k i s  t h e  fo rw a rd
r e a c t i o n  r a t e  c o n s t a n t ,  and k i s  t h e  r e v e r s e  r e a c t i o n  r a t e  c o n s t a n t .
* r
F o r  a c o n s t a n t  volume b a t c h  r e a c t o r ,  t h e  r a t e  o f  d i s a p p e a r a n c e  
o f  A may be e x p r e s s e d  b y :
d CA
r  = - — -  -  k C. - k C ------I I - 2A d t  f  A r  P
w here  r ^  i s  t h e  r a t e  o f  d i s a p p e a r a n c e  o f  A, i s  c o n c e n t r a t i o n  o f  A,
C i s  c o n c e n t r a t i o n  o f  P ,  and t  i s  t i m e .  Note t h a t  t h e  u n i t s  o f  k a r e
P. ’
t  1C1 o r d e r . p o r  t h e  above  r e a c t i o n  t h e  u n i t s  o f  k a r e  t
The v a r i a t i o n  o f  r a t e  c o n s t a n t  k w i t h  t e m p e r a t u r e  i s  e x p r e s s e d
by an  A r r h e n i u s  r e l a t i o n s h i p  a s :
k t  = k fQ exp ( -E ^ /R T ) . . . . 1 1 - 3
k r  = k r o  e x p ( - E r /RT) . . . . I I - 4
w h e re  1ĉ q i s  t h e  f r e q u e n c y  f a c t o r  o f  t h e  f o r w a r d  r e a c t i o n ,  k ^ o i s  t h e  
f r e q u e n c y  f a c t o r  o f  t h e  r e v e r s e  r e a c t i o n ,  E^ i s  t h e  a c t i v a t i o n  e n e r g y  of  
t h e  fo r w a r d  r e a c t i o n  and E^ i s  t h e  a c t i v a t i o n  e n e r g y  o f  th e  r e v e r s e  
r e a c t i o n ,  and R i s  t h e  gas  c o n s t a n t .  A c t i v a t i o n  e n e r g y ,  E, and f r e q u e n c y  
f a c t o r ,  k , must  n o r m a l l y  be o b t a i n e d  from e x p e r i m e n t a l  d a t a  on r a t e  
c o n s t a n t ,  k ,  a s  a f u n c t i o n  o f  t e m p e r a t u r e .  R e f e r e n c e s  4 and 5 g iv e  
t y p i c a l  v a l u e s  f o r  E and k Q f o r  v a r i o u s  c h em ica l  r e a c t i o n s .  The 
d i m e n s i o n l e s s  c o n v e r s i o n  i s  d e f i n e d  a s
CA0 CA TT rx . -  ■—  ---------  . . . .  I I - 5
A AO
w h e r e :  C .^  = i n i t i a l  c o n c e n t r a t i o n  o f  A.AO
S u b s t i t u t i o n  o f  e q u a t i o n s  T.I-3, I I - 4 ,  and  I I - 5  i n t o  e q u a t i o n  I I - 2  y i e l d s :
dx
^  -  k f o  e x p ( - E f / R T ) ( l - x A) - kr o  e x p ( - E r /R T ) (x A) . . . . I I - 6
E q u a t i o n  I I - 6 i s  ou r  d i f f e r e n t i a l  e q u a t i o n  r e l a t i n g  c o n v e r s i o n
and t e m p e r a t u r e .  The o p t i m i z a t i o n  p ro b le m  may now be s t a t e d  more
p r e c i s e l y .  We a r e  t o  f i n d  th e  t e m p e r a t u r e ,  T,  t h a t  w i l l  make t h e
c o n v e r s i o n ,  a t  a g i v e n  r e a c t i o n  t i m e ,  t a  maximum.
We c o u l d  now s o l v e  t h e  p ro b le m  i n  a number o f  ways .  A
c o n v e n i e n t  p r o c e d u r e  i s  t o  i n t e g r a t e  e q u a t i o n  I I - 6  f rom  t  = 0 t o  t  = t
and x a t  t  t o  x  a t  t _ ,  x i r . T h i s  r e s u l t s  i n  t h e  r a t h e r  c o m p l i c a t e d  o f ’ Af
a l g e b r a i c  e x p r e s s i o n :
10
w h e r e :  K.. = k,_ ex p ( -E _ /R T )1 f o  f
K0 = e x p ( -E ^ /R T )  + k e x p ( - E  /RT)2 f o  1 f  '  r o  L s r  J
T h i s  a l g e b r a i c  e x p r e s s i o n  may now be h a n d l e d  by c l a s s i c a l  
o p t i m i z a t i o n  t h e o r y .  S e t t i n g  t h e  p a r t i a l  o f  x ^  w i t h  r e s p e c t  t o  
t e m p e r a t u r e  e q u a l  t o  z e r o  r e s u l t s  i n  the  f o l l o w i n g  e x p r e s s i o n  f o r  T:
-} " t [ e x p ( k ,  t . e " E* /K r  + k t _ e ~ Er /RT) ]k E -E fo  f  r o  f, . r o  , f  r N exp (•-— - )
f o
k t  Ef E E E .
[—1- - —  e x p ( - ~ )  + t f k r o  c x p ( - ~ )  ]} -  0  I I - f
S i n c e  e q u a t i o n  I I - 8  i s  so  c o m p l i c a t e d  and must  be s o lv e d
n u m e r i c a l l y ,  i t  i s  s i m p l i e r  t o  go back  a s t e p  and c o n s i d e r  e q u a t i o n  I I - 7 .
We may e a s i l y  maximize x ^  n u m e r i c a l l y  i n  t h i s  e q u a t i o n  u s i n g  a one
d i m e n s i o n a l  s e a r c h  t e c h n i q u e .  G iven  K^, x ( t 0 ) anc' V7e may> by a
t r i a l  and e r r o r  p r o c e d u r e ,  s e a r c h  f o r  t h e  v a l u e  of  T t h a t  maxim izes
x , r .- I f  we assume t h e  i n i t i a l  c o n v e r s i o n ,  x ( t  ) ,  i s  z e r o ,  we have Af o 5 ’
t h r e e  r e m a i n i n g  p a r a m e t e r s .  T h i s ,  how ever ,  i s  t o o  many t o  p l o t  
c o n v e n i e n t l y  on a s i n g l e  g r a p h .
To overcome t h i s  p r o b le m ,  we s h a l l  d e f i n e  some a d d i t i o n a l  
d i m e n s i o n l e s s  p a r a m e t e r s .  L e t  t h e  d i m e n s i o n l e s s  t im e  be d e f i n e d  a s :
t  = t / t ^  . . . . 1 1 - 9
S u b s t i t u t i o n  o f  e q u a t i o n  I I - 9  i n t o  e q u a t i o n  I I - 6  r e s u l t s  i n :
dXA
"j=T = t f k fQ e x p ( - E f / R T ) ( l - x A) -  k r£)t f  e x p ( - E r /R T ) (x A) . . . . 1 1 - 1 0
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We may now g roup  t e rm s  a s  s u g g e s t e d  by M il ln tan  and K a tz ^ .
dx _  __
= £  = T ^ C l - x J  - B.. - (T n 1 ) 3 x A . . . . 1 1 - 1 1d t  * 1 1 '  A'  1 1 '  11 '  A
w h e r e :
T n  = *-£^£0 e x P ( “B^/R.T) . . . . 1 1 - 1 2
a = E / E „ . . . .  11-13
r  f
Bin = t r k / ( t^ -k_ ) a------------------------------------------- -------1 1 -1 411 f  r o  f  f o '
I n t e g r a t i o n  o f  e q u a t i o n  11-11  f rom  i n i t i a l  c o n v e r s i o n  x ^  t o  
f i n a l  c o n v e r s i o n  and f rom t  e q u a l s  0 t o  t  e q u a l s  1,  y i e l d s :
[T - ( T . . - x  z ) e ~ Z] . . . . 11 -15
w h e r e :
Af -  ( -  . a  L* l l  ' * 1 1  ‘ AO
1 1 1 1 1 1
Z = T11 H' B11^T1L') H - 1 6
F o r  t h e  i n i t i a l  c o n v e r s i o n ,  x ^  e q u a l  t o  z e r o  e q u a t i o n ,  1 1 - 1 5 ,  i s  an 
a l g e b r a i c  e x p r e s s i o n  r e l a t i n g  d i m e n s i o n l e s s  t e m p e r a t u r e ,  t o  t h e
f i n a l  c o n v e r s i o n ,  T h e re  a r e  now o n l y  two p a r a m e t e r s ,  B ^  and a .
M ax im iz in g  e q u a t i o n  1 1 -1 5  was  a c c o m p l i s h e d  by u s i n g  a g o l d e n  
s e c t i o n  s e a r c h  t e c h n i q u e ^  on t h e  d i g i t a l  c o m p u te r .  The p ro g ra m  f o r  t h i s  
method c a n  be found  i n  A ppend ix  A. The o p t i m a l  v a l u e  o f  T ^  i s  p l o t t e d  
i n  F i g u r e  I I - 1 a g a i n s t  B ^  w i t h  " a "  a s  a p a r a m e t e r .  The
o p t i m a l  c o n v e r s i o n ,  o b t a i n e d  by o p e r a t i n g  a t  t h e  c o r r e s p o n d i n g
o p t i m a l  t e m p e r a t u r e ,  i s  shown i n  F i g u r e  I I - 2 o
A d e v e l o p m e n t  s i m i l a r  t o  t h a t  shown above  can  be a p p l i e d  t o  
o t h e r  r e v e r s i b l e  r e a c t i o n  mechan isms .  The d i m e n s i o n l e s s  r a t e  e x p r e s s i o n  
f o r  some common mechanisms a r e  shown be low :
Second O rd e r  F o rw ard  - Second O rd e r  R e v e r s e :  A-i-B ri P+S
S T  = T22<1- XA)(M' V  - W 3 4  ' ■ • - 11 - 17
w h e r e :
T „ „ = t i ,  C . n e x p ( - E r /RT)  11-1822 f  f o  AO f
B22 ~ ^k r o t f CAO->7<-k f o t f CAO'>  I X - i 9
M = CBO/CAO
F i r s t  O rde r  F orw ard  - Second O rder  R e v e r s e :  A ^  P-l-S
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Second O rde r  Forw ard  - F i r s t  O rd e r  R e v e r s e :  A+B P
dXA  1 1 -23
w h e r e :
 1 1 -2 4
 11-25
D i rn e n s io n l e s s  p a r a m e t e r s  d e f i n e d  above a r e  summarized  i n  T a b l e  I I - l .
F i g u r e s  I I - 3  t h r o u g h  I I - 8 a r e  th e  o p t i m a l  t e m p e r a t u r e  and 
c o r r e s p o n d i n g  c o n v e r s i o n  g r a p h s  f o r  second  o r d e r  f o r w a r d  and second  o r d e r  
r e v e r s e  r e a c t i o n s .  F i g u r e s  I I - 9 t h r o u g h  11-14  a r e  t h e  c o r r e s p o n d i n g  
p l o t s  f o r  second  o r d e r  f o r w a r d  and f i r s t  o r d e r  r e v e r s e  r e a c t i o n s .
c o r r e s p o n d s  t o  t h e  o r d e r  o f  t h e  f o r w a r d  r e a c t i o n  and t h e  s e c o n d  s u b s c r i p t  
c o r r e s p o n d s  t o  t h e  o r d e r  of  t h e  r e v e r s e  r e a c t i o n .  A l s o  n o t e  t h a t  
a l t h o u g h  t h e  p r e c e d i n g  a n a l y s i s  assumed a b a t c h  r e a c t o r ,  t h e  e q u a t i o n s  
and f i g u r e s  a p p l y  e q u a l l y  w e l l  t o  a  p l u g  f low t u b u l a r  r e a c t o r  p r o v i d e d  
t h e  c h a r g e  i n  volume accompanying  t h e  r e a c t i o n  i s  s m a l l .  I t  i s  o n l y  
n e c e s s a r y  to  i n t e r p r e t  t h e  v a r i a b l e  t  o r  r e s i d e n c e  t i m e  i n  t h e  t u b u l a r  
r e a c t o r .
N o te  t h a t  t h e  f i r s t  s u b s c r i p t  on t h e  d i r n e n s i o n l e s s  p a r a m e t e r s
F i g u r e s  I I - l  t h r o u g h  11-14  a r e  t h e  p r i n c i p l e  r e s u l t s  o f  t h i s
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T a b le  I I - l
D i r n e n s i o n l e s s  P a r a m e t e r s  f o r  D i f f e r e n t  Mechanisms
O rder
R e v e r s e
B A o C_iL_ I , , -  t . k .  e - V / K
11 ( k f o t £ ) a . U  £ £ °
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21 (C t  k ) a 21 f  I °  A0AO f  f o '
B ,  * AP „  -  _ -E /RT
22 " . a 22 "  f  f o  AO


























_ a - 1 . 5
a  -  2.0
/ / S a  =■ 2.5
/ / / / ,  a  =  3.5 
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a  =  E 2( E x
Fig. 1
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=~ Reaction: A B=^P +  S 
CW ICA0 = 1.0
a ~ E 2/ E l Fig. 3
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Reaction: A + B^--P + S 
CWQto = 1-0
a =  E J E l
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Reaction: A + B ^ P  + S ^
Cbo/Cao = 1-5 
a =  E z / E 1 Fig. 5
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Reaction: A + P + S 
Qio/Qo -  1-5
a =  E2/ E l Fig. 6
1,1. m:
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s t u d y .  These  g e n e r a l i z e d  g r a p h s  may be used  t o  r a p i d l y  d e t e r m i n e  t h e  
o p t i m a l  t e m p e r a t u r e  and c o r r e s p o n d i n g  c o n v e r s i o n  a t t a i n a b l e .  The 
u t i l i z a t i o n  o f  t h e s e  g r a p h s  w i l l  now be i l l u s t r a t e d .
Use o f  G r a p h s : T h e re  a r e  two a p p r o a c h e s  t o  s o l v i n g  f o r  t h e  o p t i m a l
i s o t h e r m a l  t e m p e r a t u r e  u s i n g  t h e s e  g r a p h s .  T hese  a r e :
1. S p e c i f y  d e s i r e d  c o n v e r s i o n  and use t h e  c o n v e r s i o n  vjs. B 
p l o t  t o  o b t a i n  B. From B and k i n e t i c  p a r a m e t e r s  c a l c u l a t e  
r e a c t i o n  t im e  t ^  u s i n g  d e f i n i t i o n  o f  B i n  T a b le  I I - l .
From d i r n e n s i o n l e s s  t e m p e r a t u r e  v s .  B p l o t  o b t a i n  T and 
c a l c u l a t e  a c t u a l  t e m p e r a t u r e ,  from d e f i n i t i o n  i n  T a b l e  I I - l .
2.  S p e c i f y  r e a c t i o n  t i m e .  C a l c u l a t e  B u s i n g  d e f i n i t i o n  i n  
T a b l e  I I - l  and o b t a i n  T f rom T v_s. B. C o n v e r t  t o  a c t u a l  
t e m p e r a t u r e  u s i n g  t h e  d e f i n i t i o n  o f  T f rom T a b l e  I I - l .
From p l o t  o f  c o n v e r s i o n  o f  A vs.. B o b t a i n  tlie o p t i m a l  
c o n v e r s  i o n .
A s im p le  example  w i l l  i l l u s t r a t e  t h e  second  a p p r o a c h :
A g i v e n  r e a c t i o n  may be a p p r o x i m a t e d  by t h e  f i r s t  o r d e r  
r e v e r s i b l e  r e a c t i o n  A n  B. The r e a c t i o n  i s  c a r r i e d  o u t  i n  a 
t u b u l a r  p l u g  f lo w  r e a c t o r .  Flow v e l o c i t y  t h r o u g h  t h e  r e a c t o r  
i s  5 f t / s e c  and t u b e  l e n g t h  i s  50 f t .  T h u s ,  t h e  r e a c t i o n  
t i m e  i s  10 s e c .
K i n e t i c  p a r a m e t e r s  a r e :
= 2 . 5  x  105/ h r
^20  = 2 . 0  x  1 0 ^ / h r
E -  = 1 0 , 0 0 0  BTU/lb mole f  ’
E = 2 0 ,0 0 0  BTU/lb mole r *
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F i n d  th e  o p t i m a l  i s o t h e r m a l  t e m p e r a t u r e  f o r  t h i s  r e a c t o r  and 
t h e  c o n v e r s i o n  a t t a i n a b l e .
1.  C a l c u l a t e  d i r n e n s i o n l e s s  p a r a m e t e r s :
a  = E / E .  = 2 0 ,0 0 0 /1 .0 ,0 0 0  = 2 . 0  r  f  ’ ’
Bl f k t f ) a „  _ I M ° I i a ° £ 6 0 0 y  0 n 5
i o  f  f o  C (2 .5 x l0 '  ) ( 1 0 / 3 6 0 0 ) ]
2.  From F i g u r e  I I - l  o b t a i n :
T -  2 .3
3.  C a l c u l a t e  T:
X . . ------------^ 2 5_ 3l-----------. 884°E
pn 11 1 .987  In ---------------------  -
t r k .  ( 2 .7 8 x 1 0  ) ( 2 . 5 x 1 0  )f  f  o
4 .  From F i g u r e  I I - 2 o b t a i n :
x .  = 0 .7 5  A
V a r i a b l e  T e m p e r a t u r e  O p e r a t i o n
As h a s  been  m e n t i o n e d ,  t h e  o p t i m a l  way t o  c a r r y  o u t  a 
r e v e r s i b l e  e x o t h e r m i c  r e a c t i o n  i s  t o  o p e r a t e  a t  a h i g h  t e m p e r a t u r e  
i n i t i a l l y  and r e d u c e  t h e  t e m p e r a t u r e  a s  e q u i l i b r i u m  i s  a p p r o a c h e d .  
C a l c u l a t i o n  o f  such  an o p t i m a l  t e m p e r a t u r e  p r o f i l e  i s  a t y p i c a l  
v a r i a t i o n a l  o r  f u n c t i o n a l  o p t i m i z a t i o n  p ro b le m .  T h a t  i s ,  we d e s i r e  an 
o p t i m a l  f u n c t i o n ,  T ( t ) ,  and n o t  j u s t  an o p t i m a l  v a l u e  o f  a  p a r a m e t e r  a s  
was t h e  c a s e  i n  t h e  p r e v i o u s  i s o t h e r m a l  s t u d y .
P ro b le m s  such  a s  t h i s  have  b e e n  s o l v e d  by d i f f e r e n t  v a r i a t i o n a l  
m e thods  s u c h  a s  t h e  c a l c u l u s  o f  v a r i a t i o n s ^ ,  dynamic  programming'*' and
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t h e  maximum p r i n c i p l e  o f  P o n t r y a g i n  . To i l l u s t r a t e  t h e  u s e  o f  t h e  
maximum p r i n c i p l e ,  w h ich  w i l l  be r e f e r r e d  t o  e x t e n s i v e l y  i n  t h i s  
d i s s e r t a t i o n ,  t h e  o p t i m a l  t e m p e r a t u r e  p r o f i l e  w i l l  be d e t e r m i n e d  f o r  
a  s im p le  r e v e r s i b l e  r e a c t i o n .  The exam ple  w i l l  be s i m i l a r  t o  t h a t
g
c o n s i d e r e d  by Fan  .
A f t e r  i l l u s t r a t i o n  o f  t h e  maximum p r i n c i p l e  r o u t e  t o  s o l u t i o n ,  
a s i m p l i f i e d  g r a p h i c a l  t e c h n i q u e  w i l l  be d e v e l o p e d .  T h i s  t e c h n i q u e  i s  
s u i t e d  f o r  a f a s t  "hand"  c a l c u l a t i o n  and can  be u sed  f o r  any r e v e r s i b l e  
mechanism.
A p p l i c a t i o n  o f  t h e  Maximum P r i n c i p l e : L e t  us  r e c o n s i d e r  t h e  f i r s t  o r d e r
r e v e r s i b l e  r e a c t i o n :
k f
A , P  I I - 2 bk r
F o r  t h e  r e a c t i o n  c a r r i e d  o u t  i n  a b a t c h  r e a c t o r  t h e  s y s t e m  dynam ics  may 
be  d e s c r i b e d  by e q u a t i o n  I I - 6. I n  t h e  v a r i a b l e  t e m p e r a t u r e  c a s e ,  h ow ever ,  
t e m p e r a t u r e  i s  an unknown f u n c t i o n  o f  t i m e .  T h e r e f o r e ,  e q u a t i o n  I I - 6  
may be  w r i t t e n  a s :
dx
d t ~  = k fo  e x P ^ Ef /RT^t ) ^ 1" xÂ ) '  k r o  e x P ( " Er / RT( t ) )  (xA) . . .  . 1 1 -2 7
w h e r e :  T ( t )  = t h e  d e s i r e d  o p t i m a l  t e m p e r a t u r e  f u n c t i o n .
A t  t h i s  p o i n t ,  we must  s p e c i f y  w ha t  i s  c o n s i d e r e d  an  o p t i m a l  c o n t r o l  o r  
t e m p e r a t u r e  f u n c t i o n .  F o r  t h i s  e x a m p le ,  t h e  r e a c t i o n  t i m e  w i l l  be s e t
2.5
and t h e  c o n v e r s i o n  a c h i e v e d  a t  t h a t  t im e  i s  t o  be maxim ized .
To r e s t a t e  t h e  p ro b le m  more p r e c i s e l y ,  we w i s h  t o  f i n d  t h e  
t e m p e r a t u r e  f u n c t i o n  T ( t )  t h a t  w i l l  " d r i v e "  t h e  s y s t e m  d e s c r i b e d  by 
e q u a t i o n  11-27  s u c h  t h a t  t h e  f i n a l  c o n v e r s i o n  i s  m ax im ized .
The f o l l o w i n g  a p p l i c a t i o n  o f  t h e  maximum p r i n c i p l e  w i l l  be 
p r e s e n t e d  o n l y  a s  an  i l l u s t r a t i o n .  P r o o f s  and d e t a i l s  o f  t h i s  f o r m u l a t i o n  
can  be found i n  A t h a n s ^ ,  Fan^  and K o p p e l ^ .
A c c o r d i n g  t o  t h e  maximum p r i n c i p l e ,  t h e  o p t i m a l  c o n t r o l  i s  one 
t h a t  m in im iz e s  t h e  H a m i l t o n i a n  w h ich  i s  an  a d j o i n e d  c o s t  f u n c t i o n .
F o r  ou r  p r o b le m ,  t h e  H a m i l t o n i a n  may be w r i t t e n  a s :
II = - x ( t  ) -i- X ( t ) [ k fQ( l - x )  e x p ( - E f /RT) - k ^ x  e x p ( - E r / R T ) ]  11-28
w here  X ( t )  i s  a L a g ra n g e  m u l t i p l i e r  o r  c o s t a t e  v a r i a b l e .  The n e c e s s a r y  
c o n d i t i o n s  f o r  H t o  be e x t r e m a l  a r e :
~ d t ^  = " H  = 1 + ^ k f o  e x P ( " V RT( t ) )  + Rr o  e x p ( - E r /R T ) ]  . . . . 1 1 - 2 9  
M t f )=  i
d t  = I f  = k f o  e x p ( - E f / R T ( t ) ) ( l - x )  - k . o e x p ( - E r / R T ( t ) )  x
 11-30
x ( t Q)= 0 ( s p e c i f i e d )
H  = 0  = ~ ^ [ k f o ( l - x ) E f  e x p ( - E f /RT*) + Er x  e x p ( - E r / R / ) ]
R T( t )
 11-31
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The d i f f e r e n t i a l  e q u a t i o n s  1 1 -2 9  and 1 1 -30  a r e  t y p i c a l  o f  
t h o s e  e n c o u n t e r e d  i n  a p p l i c a t i o n  of  t h e  maximum p r i n c i p l e .  They 
r e p r e s e n t  a two p o i n t  b o u n d a ry  v a l u e  p ro b le m  i n  t h a t  t h e  i n t i a l  c o n d i t i o n  
on one e q u a t i o n  i s  s p e c i f i e d  a l o n g  w i t h  t h e  f i n a l  c o n d i t i o n  on t h e  o t h e r .  
Such e q u a t i o n s ,  i n  g e n e r a l ,  r e q u i r e  d i f f i c u l t  t r i a l  and e r r o r  s o l u t i o n s .
Much o f  t h e  r e m a i n d e r  o f  t h i s  d i s s e r t a t i o n  w i l l  be c o n c e r n e d  w i t h  such  
p r o b le m s .  A pprox im ate  s o l u t i o n s  t o  such  e q u a t i o n s  w i l l  be c o n s i d e r e d  
a s  w i l l  f a s t  h y b r i d  com pute r  t e c h n i q u e s  f o r  t h e i r  s o l u t i o n .
I n  t h i s  s im p le  e x a m p le ,  how ever ,  we c a n  a v o i d  s o l u t i o n  o f  t h e
two p o i n t  boun d a ry  v a l u e  p ro b le m .  T h i s  i s  b e c a u s e  t h e  a d j o i n t  o r
c o s t a t e  v a r i a b l e ,  A, d r o p s  o u t  of  t h e  s o l u t i o n .
S o l v i n g  e q u a t i o n  11-31  f o r  t h e  o p t i m a l  t e m p e r a t u r e  f u n c t i o n ,
T ( t ) ,  r e s u l t s  i n :
E -E „
T" ( t )  =  ---------    11-32
f o  f
w h ich  i s  o n ly  a f u n c t i o n  o f  t h e  s t a t e  v a r i a b l e ,  x .  S u b s t i t u t i o n  o f  
e q u a t i o n  IT.-32 i n t o  e q u a t i o n  1 1 -3 0  y i e l d s :
E f  E _
k E “ fcr"^r  ) k Edx , v r /  r o  r w  x v -, ' E ^ - E . '  , r / r o  r w  x „ n E,.-E„~  = k ( 1 - x )  [ ( - - — ) C— ) j  r  f  .  k x | ;( r  f
f o f  f o f
 11-33
E q u a t i o n  1 1 -33  was i n t e g r a t e d  n u m e r i c a l l y  f rom t  e q u a l  z e r o  t o  t  e q u a l  
t h i r t y  u s i n g  t h e  same p a r a m e t e r s  t h a t  w e r e  u s e d  i n  t h e  i s o t h e r m a l  
ex am p le .  T h i s  r e s u l t s  i n  t h e  o p t i m a l  c o n v e r s i o n  v e r s u s  t i m e  r e l a t i o n s h i p  
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i s  o b t a i n e d  by s i m u l t a n e o u s  s o l u t i o n  o f  e q u a t i o n s  11-33  and 1 1 -32 .
T e m p e r a t u r e  C o n s t r a i n t s : N o t i c e  t h a t  a t  v e r y  s m a l l  v a l u e s  o f  t im e  th e  
t e m p e r a t u r e  a p p r o a c h e s  an  i n f i n i t e  v a l u e .  O b v i o u s l y  t h e r e  i s  a maximum 
t e m p e r a t u r e  beyond  w hich  we c a n n o t  o p e r a t e .  T h i s  i s  s e t  by p h y s i c a l  and 
economic  f a c t o r s  s uch  a s  m a t e r i a l s  o f  c o n s t r u c t i o n ,  s t a b i l i t y  o f  r e a c t i n g  
m a t e r i a l s ,  c o s t  o f  h e a t i n g  and s a f e t y  c o n s i d e r a t i o n s .  The t e m p e r a t u r e  
c o n s t r a i n t  i s  h a n d l e d  by o p e r a t i n g  a t  t h e  maximum t e m p e r a t u r e  p o s s i b l e  
u n t i l  a c o n v e r s i o n  i s  r e a c h e d  t h a t  c o r r e s p o n d s  t o  t h e  maximum t e m p e r a t u r e  
p o i n t  on t h e  t h e o r e t i c a l  t e m p e r a t u r e  c o n v e r s i o n  d i a g ra m .  F i g u r e  11-17  i s  
a t y p i c a l  o p t i m a l  t e m p e r a t u r e  v e r s u s  c o n v e r s i o n  d i a g ra m  and i l l u s t r a t e s  
t h i s  p o i n t .  The A-B-C segm ent  o f  th e  cu rv e  i s  t h e  c o n s t r a i n e d  p a t h .
F i g u r e  1 1 -18  shows t h e  c o r r e s p o n d i n g  o p t i m a l  t e m p e r a t u r e  v e r s u s  t i m e .  I f  
a minimum t e m p e r a t u r e  c o n s t r a i n t  i s  p l a c e d  on t h e  s y s t e m  i t  i s  h a n d l e d  i n  
t h e  same way.
Developm ent o f  a S i m p l i f i e d  G r a p h i c a l  P r o c e d u r e : The s o l u t i o n  v i a  maximum
p r i n c i p l e  i l l u s t r a t e d  above i s  r a t h e r  complex even  f o r  t h i s  s im p le  f i r s t  
o r d e r  mechanism. I t  becomes even  more complex  f o r  o t h e r  mechan isms .  F o r  
t h i s  r e a s o n ,  a s i m p l i f i e d  g r a p h i c a l  p r o c e d u r e  w i l l  be d e v e l o p e d  t h a t  i s  
s u i t e d  f o r  a f a s t  "hand"  c a l c u l a t i o n  o f  t h e  o p t i m a l  t e m p e r a t u r e  p r o f i l e  
f o r  any r e v e r s i b l e  r e a c t i o n  mechanism.
The d e v e lo p m e n t  w i l l  be i l l u s t r a t e d  by a s im p le  f i r s t  o r d e r  
r e a c t i o n  su ch  a s  e q u a t i o n  I I - l .  U s in g  d i r n e n s i o n l e s s  c o n v e r s i o n  d e f i n e d  
i n  e q u a t i o n  I I - 5  and t h e  A r r h e n i u s  t e m p e r a t u r e  r e l a t i o n s h i p  o f  e q u a t i o n s
I I - 3  and I I - 4 ,  we may w r i t e  t h e  r e a c t i o n  r a t e s  a s :
dxAr  _  n  -  . . .  _
A UA0 d t k e x p ( - E  /RT)C ( l - x  ) k e x p ( - E  /RT) C . xx ____ 11-34r o  r  r  AO A
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Aris'*' d e m o n s t r a t e s  t h a t  f o r  s i n g l e  r e a c t i o n s  m a x im iza t ion ,  o f  
r a t e  a t  e v e r y  p o i n t  a l o n g  t h e  r e a c t i o n  p a t h  i s  s u f f i c i e n t  t o  maximize 
c o n v e r s i o n .  H ence ,  t o  maximize r a t e  a s  a f u n c t i o n  o f  t e m p e r a t u r e  we may 
w r i t e :
= a. ,k£ E,-  exp(-E , - /RT)  - a „k  E exp(~E /RT) = 0 . . . . 1 1 - 3 5£T l f o f  1 f  '  2 r o  r  r  r  '
w h e r e :  a ,  = C . _ ( l - x . )1 AO A
a 2 ~ CAOXA
s o l v i n g  e q u a t i o n  11-35 f o r  o p t i m a l  t e m p e r a t u r e ,  T , y i e l d s :
‘ B1e x p ( - ~ ) -  B„B„ . . . . 1 1 - 3 6
A j
T
w h e r e :
E -E
B =  11-37
1 K
E k
b 2 = e J 7f  f o  
a 2B0 = ____I I - 39
3 a i
b 2b3 > 1
N ote  t h a t  B^ and B2 a t e  c o n s t a n t s  and a r e  v a l i d  f o r  a l l  r e v e r s i b l e  
m echan ism s .  B^ i s  a f u n c t i o n  o f  c o n v e r s i o n  and d ep en d s  upon t h e  
p a r t i c u l a r  mechanism.  T a b l e  I I - 2  c o n t a i n s  t h e  p a r a m e t e r  B^ f o r  d i f f e r e n t  
r e a c t i o n  m e chan ism s .  F o r  l e s s  common r e v e r s i b l e  mechan ism,B^  may be
T able  I I - 2
P a r a m e t e r  f o r  D i f f e r e n t  Mechanisms
Mechanism 3
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d e r i v e d  a s  was done above .
E q u a t i o n  1 1 -3 6  i s  p l o t t e d  i n  F i g u r e  1 1 -19  a s  i n v e r s e  t e m p e r a t u r e  
v e r s u s  B^B^ w i t h  a s  a p a r a m e t e r .  T h i s  p r o v i d e s  an  e a s y  way t o  o b t a i n  
t h e  o p t i m a l  t e m p e r a t u r e  a t  g i v e n  c o n v e r s i o n s  f o r  any  r e v e r s i b l e  
e x o t h e r m i c  r e a c t i o n .  The t e m p e r a t u r e - t i m e  r e l a t i o n s h i p  i s  o b t a i n e d  by 
n u m e r i c a l  o r  g r a p h i c a l  i n t e g r a t i o n  o f  e q u a t i o n  1 1 - 3 4  o r  i t s  e q u i v a l e n t .
T h i s  p r o c e d u r e  w i l l  be i l l u s t r a t e d  by a n  ex a m p le .
E x a m p le : C o n s i d e r  t h e  f o l l o w i n g  f i r s t  o r d e r  r e v e r s i b l e  r e a c t i o n :
A P
The k i n e t i c  p a r a m e t e r s  a r e :
k,. -  69.  5 /m inf  o
k -  5 5 5 5 /mi n ro
Ef  -  1 0 ,000  BTU/lb moles
E = 2 0 ,0 0 0  BTU/lb molesr  5
The r e a c t i o n  i s  c a r r i e d  o u t  i n  a b a t c h  r e a c t o r .  The m a t e r i a l s  o f  
c o n s t r u c t i o n  a r e  such  t h a t  t h e  maximum t e m p e r a t u r e  t h e  r e a c t o r  can 
s a f e l y  w i t h s t a n d  i s  1500°R. A c o n v e r s i o n  o f  r e a c t a n t  A o f  0 .S  i s  
d e s i r e d .  F i n d  t h e  o p t i m a l  t e m p e r a t u r e  a s  a f u n c t i o n  o f  c o n v e r s i o n  and 
t i m e .  The p r o c e d u r e  i s  a s  f o l l o w s :
1.  C a l c u l a t e  p a r a m e t e r s  B^ and




















F i g u r e  11-19





_ Er k r o  _ 20 ,000x5555  _
2 "  E . k ,  “  1 0 , 0 0 0 x 6 9 . 5  "  f  f  o 5
O b t a i n  e x p r e s s i o n  f o r  f rom T a b le  I I - 2 .  Look up B^B^ 
i n  F i g u r e  11-19  c o r r e s p o n d i n g  t o  t h e  maximum t e m p e r a t u r e .  
C a l c u l a t e  c o n v e r s i o n  a t  t h i s  p o i n t :
B2B3 = 2 8 . 5  @ T  = 1500°R (From F i g u r e  11 -1 9 )
B3 = 2 8 . 5 / 1 6 0  -  .178
x  = B3 / ( 1 -i-B3) = . 1 7 8 / 1 . 1 7 8  = .152
Use F i g u r e  11 -19  w i t h  B.^, B^, and B^ t o  look  up o p t i m a l  
t e m p e r a t u r e  v e r s u s  c o n v e r s i o n  f o r  c o n v e r s i o n  be tw een  .152  
and 0 . 8 .  The r e s u l t s  a r e :
XA Bo -  i3 1 - x .A B2B3
T ( R)
.151 .178 2 8 .5 1500
.2 .250 40 1370
. 4 .670 107 1080
. 6 1 . 5 246 920
.8 4 . 0 640 780
The a p p r o x i m a t e  t e m p e r a t u r e - t i m e  r e l a t i o n s h i p  i s  o b t a i n e d  
by g r a p h i c a l  i n t e g r a t i o n  o f  e q u a t i o n  1 1 -34  u s i n g  t h e  
c o r r e s p o n d i n g  t e m p e r a t u r e s  and c o n v e r s i o n s  f rom S te p  3.  









Figure I I 4-20
Graphical Intergration of Equ ( 3 4 )
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o p t i m a l  c o n v e r s i o n - t e m p e r a t u r e - t i m e  r e l a t i o n s h i p  i s :
XA TW(°R) Time (i
0 1500 0
.152 1500 0 . 1
.2 1370 0 . 2
.4 1080 0 . 7
. 6 920 3 . 0
.8 780. 1 1 . 0
The use  o f  t h e  g r a p h s  h a s  b e e n  i l l u s t r a t e d  by a b a t c h  r e a c t o r .  
The same method may be used  f o r  a t u b u l a r  p l u g  f low  r e a c t o r  p r o v i d e d  
t h a t  volume c h a n g e s  a s s o c i a t e d  w i t h  t h e  r e a c t i o n  a r e  n e g l i g i b l e .  I t  i s  
o n l y  n e c e s s a r y  t o  i n t e r p r e t  t im e  i n  t h e  above  d i s c u s s i o n  a s  r e s i d e n c e  
t im e  i n  t h e  t u b u l a r  r e a c t o r .
C o n c l u s i o n
The g r a p h s  d e v e l o p e d  i n  t h i s  c h a p t e r  p r o v i d e  th e  e n g i n e e r  w i t h  
a t o o l  f o r  r a p i d  d e t e r m i n a t i o n  o f  t h e  b e s t  t e m p e r a t u r e  o r  t e m p e r a t u r e  
p r o f i l e  f o r  homogeneous ,  e x o t h e r m i c ,  r e v e r s i b l e  r e a t i o n s *  They a r e  
d e s i g n e d  f o r  a f a s t  " h a n d "  c a l c u l a t i o n  and p r o v i d e  a means t o  a v o i d  t h e  
c o m p l i c a t e d  n u m e r i c a l  p r o c e d u r e s  u s u a l l y  i n v o l v e d  i n  s u c h  s t u d i e s *
The d e v e lo p m e n t  i l l u s t r a t e s  two c l a s s i c  o p t i m i s a t i o n  p ro b lem s  
i n v o l v i n g  n o n l i n e a r  s y s t e m s .  The f i r s t  i s  a  p a r a m e t e r  o p t i m i s a t i o n  where  
we s e a r c h  f o r  a s i n g l e  p a r a m e t e r ,  t e m p e r a t u r e ,  t h a t  w i l l  maximize  t h e
y i e l d .  The seco n d  i s  a v a r i a t i o n a l  p r o b l e m  w h ere  we d e s i r e  an  o p t i m a l  
f u n c t i o n ,  T * ( t ) ,  t h a t  m ax im izes  y i e l d o  The v a r i a t i o n a l  p r o b le m  i s  
t y p i c a l  o f  o p t i m a l  c o n t r o l  p r o b l e m s .
I n  t h e  f o l l o w i n g  c h a p t e r  an  a l t e r n a t e  p r o c e d u r e  f o r  h a n d l i n g  
v a r i a t i o n a l  o r  o p t i m a l  c o n t r o l  p r o b le m s  w i l l  be c o n s i d e r e d 0 The method,  
t e rm ed  a " d i r e c t  f i n i t e  d i f f e r e n c e "  m e thod ,  w i l l  be d e v e l o p e d  and a p p l i e d  
t o  a v a r i e t y  o f  l i n e a r  and n o n l i n e a r  o p t i m a l  c o n t r o l  p r o b l e m s .
N o m e n c la tu r e
P a r a m e t e r  d e f i n e d  by E q u a t i o n  11-37  
P a r a m e t e r  d e f i n e d  by E q u a t i o n  11-38  
P a r a m e t e r  d e f i n e d  by E q u a t i o n  11-39  
P a r a m e t e r  d e f i n e d  i n  T a b l e  I I - 1 
C o n c e n t r a t i o n  o f  r e a c t a n t  A 
C o n c e n t r a t i o n  o f  p r o d u c t  P 
I n i t i a l  c o n c e n t r a t i o n  o f  A 
A c t i v a t i o n  e n e r g y  o f  f o r w a r d  r e a c t i o n  
A c t i v a t i o n  e n e r g y  o f  r e v e r s e  r e a c t i o n  
H a m i l t o n i a n  fu n c tL o n  
P a r a m e t e r  d e f i n e d  by E q u a t i o n  I I - 7 
P a r a m e t e r  d e f i n e d  by E q u a t i o n  I I - 7 
I n i t i a l  c o n c e n t r a t i o n  r a t i o  
Gas c o n s t a n t  
A b s o l u t e  t e m p e r a t u r e  
O p t im a l  t e m p e r a t u r e  f u n c t i o n
D i m e n s i o n l e s s  t e m p e r a t u r e  d e f i n e d  i n  T a b l e  I I - l  
P a r a m e t e r  d e f i n e d  by E q u a t i o n  11-13  
F o rw ard  r e a c t i o n  r a t e  c o n s t a n t  
R e v e r s e  r e a c t i o n  r a t e  c o n s t a n t  
F r e q u e n c y  f a c t o r  o f  f o r w a r d  r e a c t i o n  
F r e q u e n c y  f a c t o r  o f  r e v e r s e  r e a c t i o n
Time
I n i t i a l  t i m e  
F i n a l  r e a c t i o n  t i m e
D i m e n s i o n l e s s  t i m e  d e f i n e d  by E q u a t i o n  I I - 9  
D i m e n s i o n l e s s  c o n v e r s i o n  o f  A d e f i n e d  by E q u a t i o n  I I - 5  
P a r a m e t e r  d e f i n e d  by e q u a t i o n  11-16  
A d j o i n t  o r  c o s t a t e  v a r i a b l e
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CHAPTER I I I
A DIRECT FINITE DIFFERENCE METHOD FOR OPTIMAL CONTROL PROBLEMS 
I n t r o d u c t i o n
The t h e o r y  n e c e s s a r y  t o  s o l v e  o p t i m a l  c o n t r o l  p ro b le m s  has
been  known f o r  many y e a r s .  Use o f  t h i s  t h e o r y  t o  s o l v e  p r a c t i c a l
p ro b le m s  h a s  l a g g e d  b e h i n d .  T h i s  i s  p a r t l y  due t o  t h e  c o m p u t a t i o n a l
d i f f i c u l t i e s  i n v o l v e d  i n  g e t t i n g  a n u m e r i c a l  s o l u t i o n .  On t h e  one hand ,
methods  b ased  on the  maximum p r i n c i p l e  l e a d  u s u a l l y  t o  two p o i n t  b oundary
v a l u e  p r o b le m s ,  w h ich  a r e  t r o u b l e s o m e  t o  h a n d l e  n u m e r i c a l l y .  On th e
o t h e r  h a n d ,  t h e  dynamic p rogramming method f r e q u e n t l y  r e q u i r e s  e x c e s s i v e
com pu te r  memory.
Because  of  t h e s e  d i f f i c u l t i e s  an  a p p r o x i m a t e  n u m e r i c a l  method
t h a t  i s  e a s y  t o  implement i s  v e r y  d e s i r a b l e .  T h i s  c h a p t e r  d e s c r i b e s
s u c h  a method.  We r e f e r  t o  i t  a s  a d i r e c t  method b e c a u s e  i t  d e a l s
d i r e c t l y  w i t h  t h e  f u n c t i o n  t o  be m i n im i z e d .  T h i s  a p p r o a c h  h a s  been
known f o r  many y e a r s  and i s  b a s ed  on t h e  R a y l e i g h - R i t z  method f o r
p ro b le m s  i n  t h e  c a l c u l u s  o f  v a r i a t i o n s ' ^ .  I t  has  r e c e n t l y  b een  a p p l i e d
2
t o  v a r i a t i o n a l  p ro b le m s  by G re e n s p a n  . An a d a p t a t i o n  f o r  use  on o p t i m a l
3
c o n t r o l  p ro b le m s  has  been  s u g g e s t e d  by Sage . The p u r p o s e  o f  t h i s  
c h a p t e r  i s  t o  a p p l y  t h e  d i r e c t  f i n i t e  d i f f e r e n c e  a p p r o a c h  t o  a v a r i e t y  o f  
t y p i c a l  o p t i m a l  c o n t r o l  p ro b le m s .
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I l l u s t r a t i o n ,  o f  t h e  D i r e c t  Method
The method  i s  c a l l e d  d i r e c t  b e c a u s e  i t  d e a l s  d i r e c t l y  w i t h  t h e  
f u n c t i o n  t o  be  m in im i z e d .  To i l l u s t r a t e  t h i s  p r o b le m  c o n s i d e r  a t y p i c a l  
p r o b le m  i n  t h e  c a l c u l u s  o f  v a r i a t i o n s :
The p r o b le m  i s  t o  f i n d  a f u n c t i o n  y ( t )  t h a t  m in im iz e s  ( o r  
m a x im iz e s )  t h e  f o l l o w i n g  i n t e g r a l :
J  = § 1  F ( t , y , y ) d t  . . . . I I I - l
, • d y ( t )where  : y -  —
J d t
s u b j e c t  t o  t h e  boun d a ry  c o n d i t i o n s :
y = A a t  t  = a . . . . 1 1 1 - 2
y = B a t  t  = b
The c a l c u l u s  o f  v a r i a t i o n s  a p p r o a c h  t o  t h i s  p ro b le m  y i e l d s  
t h e  E u l e r  e q u a t i o n :
oF d cF r, TTT / -------—  = 0 . . .  . 1 1 1 -4oy d t  6y
A p p l i c a t i o n  o f  t h e  E u l e r  e q u a t i o n  t o  o u r  p r o b le m  g e n e r a l l y  r e s u l t s  i n  a 
n o n l i n e a r ,  second  o r d e r ,  o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n  t h a t  must  be 
s o l v e d  n u m e r i c a l l y  t o  o b t a i n  t h e  optimum f u n c t i o n ,  y ( t ) . The c a l c u l u s  
o f . v a r i a t i o n s  i s  c o n s i d e r e d  an  i n d i r e c t  s o l u t i o n  method b e c a u s e  we s o l v e  
t h e  E u l e r  e q u a t i o n  f o r  t h e  o p t i m a l  f u n c t i o n  and n o t  the  o r i g i n a l  p ro b le m  
d e f i n e d  by e q u a t i o n  I I I - l .
A d i r e c t  method would  " d i r e c t l y "  s o l v e  t h e  o r i g i n a l  p rob lem  
d e f i n e d  by e q u a t i o n  I I I - l .  G r e e n s p a n  p o i n t s  o u t  t h a t  n u m e r i c a l l y  i t  i s
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o f t e n  e a s i e r  t o  s o l v e  the f u n d a m e n ta l  p ro b le m  d e f i n e d  by e q u a t i o n  I I I - l  
t h a n  t h a t  r e s u l t i n g  f rom e q u a t i o n  I I I - 4 .
One o f  t h e  o l d e s t  d i r e c t  me thods  was d e v e l o p e d  i n d e p e n d e n t l y  
by R i t z  and R a y l e i g h .  F o r  a d e t a i l e d  d i s c u s s i o n  o f  t h i s  m e thod ,
s e e  r e f e r e n c e s  1 and 3 .  The d i r e c t  f i n i t e  d i f f e r e n c e  method i s  an 
a d a p t a t i o n  o f  t h e  R a y l e i g h - R i t z  method.
A g a i n , c o n s i d e r  t h e  t y p i c a l  p ro b le m  i n  t h e  c a l c u l u s  o f  v a r i a t i o n s  
d e f i n e d  by e q u a t i o n  I I I - l  f o r  a n  i l l u s t r a t i o n  o f  the  f i n i t e  d i f f e r e n c e  
m e thod .  I f  we d i v i d e  t h e  i n t e r v a l  a t o  b i n t o  N e q u a l  p a r t s  and d e f i n e  
At = , we may a p p r o x i m a t e  t h e  f u n c t i o n a l  J  n u m e r i c a l l y .  R e c t a n g u l a r
i n t e g r a t i o n  i s  u sed  w i t h  f o r w a r d  d i f f e r e n c e  a p p r o x i m a t i o n  of  th e  
d e r i v a t i v e s  a s  f o l l o w s :
' J  «  {F ( t o , y ° , ^ ° ) }  At
i 2 1
+ At
+ { F ( t 2 , y 2 , y- - ^ - ) }  At
At
O r - s i m p l y :
„  N N - l
+ £PCtN_ i , y  — ) At-------------------------------------------------m - 5
n ■ i i  i " l
J « A t  S  F ( t   ) . .  . .  I I I - 6
i = l  ^
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Note  t h a t  f rom  t h e  boundar*y c o n d i t i o n s  a r e :
y °  = A____________________________________________________I I I - 7
yN = B____________________________________________________I I I - 8
i  N- ]H ence ,  t h e r e  a r e  N - l  unknowns,  y ............. y . T r e a t i n g  J  a s  any
a l g e b r a i c  f u n c t i o n  t o  f i n d  t h e  e x t r e m a l ,  t h e  n e c e s s a r y  c o n d i t i o n s  
a c c o r d i n g  t o  W e i e r s t r a s s '  Theorem a r e :
Q  = 0 ; i  = 1 , 2 , ............  N - l  ------I I I - 9
oyx
S o l u t i o n  o f  t h e  N - l  a l g e b r a i c  e q u a t i o n s  I I I - 9 s h o u ld  y i e l d  an
2
a p p r o x i m a t i o n  t o  t h e  o p t i m a l  f u n c t i o n  y * ( t ) . G re e n s p a n  c o n s i d e r e d  a 
v a r i e t y  o f  p ro b le m s  w i t h  g r e a t  s u c c e s s  u s i n g  t h i s  t e c h n i q u e .
One im m e d i a t e l y  wonders  v;hy su ch  a s im p l e  and d i r e c t  a p p r o a c h  
h a s  n o t  r e c e i v e d  more a t t e n t i o n .  T h i s  can be: a t t r i b u t e d  t o  two f a c t o r s .  
F i r s t l y ,  t h e  e q u a t i o n s  d e f i n e d  by I I 1 - 9  may be d i f f i c u l t  t o  s o l v e .  A 
l a r g e  number o f  a l g e b r a i c  ( s o m e t im e s  n o n l i n e a r )  e q u a t i o n s  su ch  as  e q u a t i o n
I I I - 9  can  o n l y  be s o l v e d  on t h e  modern h i g h  sp eed  d i g i t a l  c o m p u te r .  Hence ,  
when s uch  methods  w ere  o r i g i n a l l y  d e v e l o p e d  a l m o s t  a c e n t u r y  ago  t h e y  
c o u ld  o n l y  be a p p l i e d  t o  t h e  s i m p l i e s t  o f  p r o b le m s .  S e c o n d l y ,  t h e r e  i s  
no c l e a r  c u t  t h e o r y  p r e d i c t i n g  when t h e  s e q u e n c e ,  y 1 , w i l l  c o n v e rg e  t o  
t h e  t r u e  minimum, y * ( t ) .  I t  must  be remembered t h a t  t h i s  p r o b le m  o f  
c o n v e r g e n c e  e x i s t s  i n  most  n u m e r i c a l  p r o c e d u r e s  and o f t e n  some 
e x p e r i m e n t a t i o n  w i t h  s t e p  s i z e ,  At,  may be n e c e s s a r y .
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G e n e r a l  F o r m u l a t i o n  o f  t h e  D i r e c t  F i n i t e  D i f f e r e n c e  Method f o r  O p t im a l  
C o n t r o l  P ro b lem s
A t y p i c a l  o p t i m a l  c o n t r o l  p ro b le m  may be  s t a t e d  a s  f o l l o w s .
C o n s i d e r  t h e  dynamic  s y s t e m  d e f i n e d  i n  v e c t o r  n o t a t i o n  by:
x = F ( x , u , t )   111-10
s u b j e c t  t o  i n i t i a l  c o n d i t i o n s :
x = x a t  t  = t  . . . . I I I - l l— o o
w h e r e :  x i s  t h e  s t a t e  v e c t o r ,
jj i s  t h e  c o n t r o l  v e c t o r ,
t  i s  t h e  t i m e .
F i n d  t h e  c o n t r o l  u ( t )  t h a t  m in im iz e s  t h e  p e r f o r m a n c e  i n d e x  
^ f
J  = J L ( x , u , t )  d t  . . . . 1 1 1 - 1 2
To a p p l y  t h e  d i r e c t  f i n i t e  d i f f e r e n c e  m e thod ,  we t r e a t  t h e
s y s t e m  e q u a t i o n s  111 -10  a s  c o n s t r a i n t s .  U s ing  L a g ra n g e  m u l t i p l i e r s  
X ( t ) , we a d j o i n  t h e  s y s t e m  e q u a t i o n s  t o  t h e  p e r f o r m a n c e  i n d e x  t o  g e t  
a  m o d i f i e d  p e r f o r m a n c e  i n d e x :
t ,
K = J . I { L ( x , u , t ) + A ;T [ F ( x , u , t ) - & ] } d t  0. . . I I I - 1 3
T °w h e r e : X i s  t h e  t r a n s p o s e  o f  X
Now t h e  p ro b le m  i s  t o  m in im ize  K and i s  s i m i l a r  t o  p r o b le m s  i n  t h e
c a l c u l u s  o f  v a r i a t i o n s .  We d i v i d e  t h e  i n t e r v a l  f ro m  t  t o  t .  i n t o  No f
e q u a l  s u b i n t e r v a l s  u s i n g  t h e  g r i d p o i n t s  t Q, t ^ ,  *t N - l ’ t f* C o r r e s p o n d i n g
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t o  t h e s e  p o i n t s  we have v a l u e s  o f  t h e  d e p e n d e n t  v a r i a b l e s
1 2 N
25 ,25 ,
o 1 N - l
u ,
.  ° 1 N - l
X ,X , .......... , x  I I I - 1.4
VJe a p p r o x i m a t e  t h e  i n t e g r a l  K n u m e r i c a l l y  by a s e r i e s  o f  
r e c t a n g u l a r  s t r i p s  u s i n g  fo rw ard  d i f f e r e n c e  q u o t i e n t s  f o r  t h e  d e r i v a t i v e s ,
K ( L ( x ° , u ° , t o ) -I- f  “ £ ° J } A t
, r_ ,  N - l  N - l  . , , , , N - l  N - l  , . .N - l - , - , . .-!- (L (x  , u  , t N_1) + \  [ I ( x  , u  , t N_1) -  x J j A t
 I J . I -1 5
I f  t h e  s y s t e m  i s  o f  o r d e r  k ( i . e . ,  x  i s  a 1 by k v e c t o r ) ,  t h e  t o t a l
unknowns l i s t e d  i n  e q u a t i o n  J . I I -1 4  a r e  3Nk. H ence ,  we need 3Nk e q u a t i o n s
I
t o  s o l v e  f o r  t h e s e  unknowns.
The r e q u i r e d  e q u a t i o n s  a r e  o b t a i n e d  f rom  t h e  n e c e s s a r y  c o n d i t i o n s  
f o r  an  e x t r e m a l  a s  f o l l o w s :
f | l  = °> = 0 Nlc e q u a t i o n s   111 -1 6
• ^ o  = 0 ,  “ j j r  = 0 ,  ............, - ^ r x  -  0 Nk e q u a t i o n s  . . . . 1 1 1 - 1 7
f ^ o  = °> | | r  = °> ............» H b f t  = o Nk eciu a t i o n s  • • . . m - 1 8
4S
S o l u t i o n  o f  t h e s e  3Nk s i m u l t a n e o u s  a l g e b r a i c  e q u a t i o n s  w i l l
y i e l d  a p o s s i b l e  o p t i m a l  c o n t r o l  s e q u e n c e ,  u ° ,  u , • N - l a l o n gu
w i t h  t h e  o p t i m a l  s t a t e  t r a j e c t o r y  and L a g ra n g e  m u l t i p l i e r s .  However,  i t  
s h o u ld  be remembered t h a t  e q u a t i o n s  1 1 1 - 1 6 ,  111-17  and 111 -18  a r e  o n ly  
n e c e s s a r y  c o n d i t i o n s .  T hus ,  t h e  s o l u t i o n  may be any s t a t i o n a r y  p o i n t  
and m ig h t  even  maximize K. The s o l u t i o n  s h o u ld  be compared t o  o t h e r  
p o s s i b l e  c o n t r o l s  t o  e s t a b l i s h  w h e t h e r  i t  i s  o p t i m a l .
Example I :  A p p l i c a t i o n  t o  a Simple O p t im a l  C o n t r o l  P r o b l e m
The method i s  b e s t  u n d e r s t o o d  by c o n s i d e r i n g  a s im p l e  exam ple .  
G iv e n  th e  d y n a m ic a l  s y s t e m  d e s c r i b e d  by t h e  d i f f e r e n t i a l  e q u a t i o n :
f i n d  t h e  c o n t r o l ,  u ( t ) , t h a t  m in im iz e s  t h e  q u a d r a t i c  p e r f o r m a n c e  in d e x :
J  -  j L x ( t ) 2 + p u ( t ) 2 ] d t  ------I I I - 20
J t
o
I n  t h e s e  e q u a t i o n s ,  x ( t )  i s  th e  s t a t e  v a r i a b l e ,  u ( t )  i s  th e  c o n t r o l  
v a r i a b l e ,  t  i s  t h e  t i m e ,  and p i s  a c o n s t a n t .  F o r  t h i s  e x am p le ,  l e t
t  =--0.0
^ d t ^ "  = u<̂ t )  111-19
o
t f 1 .0
p = 1 . 0
x = 2 . 0  a t  t  = 0
x  = u n s p e c i f i e d  a t  t  = t ^
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The f i n a l  t im e  i s  s p e c i f i e d  w h i l e  t h e  f i n a l  s t a t e  x ( t ^ )  i s  f r e e .
The f i r s t  s t e p  i n  t h e  s o l u t i o n  p r o c e d u r e  i s  t o  t r e a t  t h e  
s y s t e m  d i f f e r e n t i a l  e q u a t i o n  ( e q u a t i o n  1 1 1 -1 9 )  a s  a  c o n s t r a i n t  and 
a d j o i n  i t  t o  t h e  p e r f o r m a n c e  i n d e x  ( e q u a t i o n  1 1 1 - 2 0 ) .  T h i s  r e s u l t s  i n  
a m o d i f i e d  p e r f o r m a n c e  i n d e x  K:
K -  j* f  [ x ( t ) 2- l -u ( t )2-i-X(t) [ - x ( t ) + u ( t ) ~ ~ £ ^ - ] } d t   111-21
*0
w here  X ( t )  i s  a L a g r a n g i a n  m u l t i p l i e r .  Now t h e  p r o b l e m  i s  t o  f i n d  x ( t ) ,
u ( t ) ,  and X(t)  su ch  t h a t  K i s  m i n i m i z e d .
To s o l v e  t h e  p ro b le m  n u m e r i c a l l y  we f i r s t  d i v i d e  t h e  i n t e r v a l
t  - t o
f rom t Q t o  t ^  i n t o  N e q u a l  p a r t s  o f  l e n g t h  At -  — ^— • T h i s  d i v i s i o n
d e f i n e s  th e  g r i d  p o i n t s  t  , t n , t „ ,   , t XT , t .  on t h e  t i m e  a x i s  and
° o ’ 1 ’ 2 ’ * N - l  f
. , , .  .. o 1 N o 1 N ot h e  c o r r e s p o n d i n g  v a l u e s  x , x , .......... , x  ; u , u , ............. , u ; \  ,
x \  ............} c o n t r o l  and a d j o i n t  v a r i a b l e s .  We now a p p r o x i m a t e  t h e
i n t e g r a l  K by means o f  a s e r i e s  o f  r e c t a n g u l a r  s t r i p s  o f  w i d t h  At u s i n g  
fo r w a r d  d i f f e r e n c e  a p p r o x i m a t i o n s  f o r  t h e  d e r i v a t i v e s  a p p e a r i n g  i n  K.
The r e s u l t  i s :
o  o  1 O
i _  r  /  O v  2 , /  O . , ' '  . . O f  O  O  . X  -  X  \  "I *) ,  ,K w  {(X ) + (u  ) + \  [ - x  +u “ ( ~ ^ — ) 33At
r ,  1 . 2  , 1 . 2  lr- 1 1 . X 2 - X ° .+ l ( x  ) + (u  ) + \  [ - x  +u - ( ” — ) J jA t
. r , N - l . 2. , N - l x2 . . N - l r N - l  N - l  , x N- x N" 1xn-,..  „+ { (x  ) + ( u  ) + \  L-x +u - ( — —----- ) J j  At . . . . I I I - 2
1 NK i s  an  a l g e b r a i c  e x p r e s s i o n  d e p e n d i n g  on t h e  " v a r i a b l e s "  x , ............, x  ;
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o N - l  , o  _N-1 , .  .. j- , ,u , . o o . o j U  j X ,  X • The n e c e s s a r y  c o n d i t i o n s  f o r  a n  e x t r e m a l
a r e  o b t a i n e d  by s e t t i n g  t h e  p a r t i a l s  o f  K w i t h  r e s p e c t  t o  e a c h  o f  t h e s e  
v a r i a b l e s  e q u a l  t o  z e r o :
5K „ 1,4. •» °  . I , ,  , , 1  n“ j; = 2x  At -  X -  X At + X = 0
3K 0 2 ,1  2 . , , 2  n— 7 = 2x ^ t  -  X -  X At -l- 1 = 0dx-
AK „ N - l  ,N-2  N - l  t N - l  n
= 2x At - X - X At -t- X = 0
■gpj = - x N 1 -  0 . ; .  . 1 1 1 -2 3
SK
Su o -  2u At -1- X At -  0
— j- -  2u1At -1- X1At -  0
“ jrrx -  2uN_1At + XN_LAt -  0 . . . . I I I - 24ouiN L
SK 0 , ,  , 0 ,4- 1 , 0  n• ^ 5  = - x  At + u At - x  + x = 0
1,4.  , 1,4- 2 , 1  _-rrr -  - x  At + u At -  x  + x  = 0
oX
SK N - l . ,  . N - l . .  N . N - l  „ TTT nc= - x  At + u fat  -  x  + x  = 0  . . . . 1 1 1 - 2 5
E q u a t i o n s  1 1 1 - 2 3 ,  I I I - 24 and 111 -25  a r e  a s e t  o f  3N s i m u l t a n e o u s  l i n e a r
1 Na l g e b r a i c  e q u a t i o n s  w h ic h  can  be s o l v e d  f o r  t h e  3N unknowns:  x , • • • • • , x
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o N - l  . o N - l
U ,  U j I  ,  > 1 -  »
The s o l u t i o n  g i v e s  an  a p p r o x i m a t i o n  o f  a c o n t r o l  u ( t )  w h ich  
g i v e s  an e x t r e m a l  v a l u e  o f  t h e  p e r f o r m a n c e  i n d e x  J .  The s m a l l e r  t h e  
t i m e  i n t e r v a l  At t h e  b e t t e r  t h i s  a p p r o x i m a t i o n  w i l l  b e .  However,  s i n c e  
e q u a t i o n s  1 1 1 - 2 3 ,  I I I - 24,  and 111 -25  o n l y  g u a r a n t e e  an e x t r e m a l  v a l u e  of  
J ,  t h e r e  i s  no a s s u r a n c e  t h a t  t h e  c a l c u l a t e d  c o n t r o l  u ( t )  w i l l  m in im iz e  
J - - i t  may i n  f a c t  maximize  J .  T h i s  p ro b le m  a l s o  u s u a l l y  e x i s t s  i n  
t h e  maximum p r i n c i p l e  t r e a t m e n t  of  o p t i m a l  c o n t r o l  p r o b l e m s .  The u s e r  
mus t  s a t i s f y  h i m s e l f  by f u r t h e r  c o n s i d e r a t i o n s  t h a t  he does  i n d e e d  have 
a  minimum.
I t  s h o u ld  be n o t e d  t h a t  e q u a t i o n s  1 1 1 -2 3 ,  111-24  and 111 -25  a r e
i d e n t i c a l  t o  a f i n i t e  d i f f e r e n c e  form o f  t h e  d i f f e r e n t i a l ,  e q u a t i o n s
o b t a i n e d  f rom th e  maximum p r i n c i p l e  t r e a t m e n t  o f  t h e  o p t i m a l  c o n t r o l
SKp ro b le m .  E q u a t i o n s  I I I - 2 3 ,  d e r i v e d  f rom -  0 c o r r e s p o n d  t o  t h e
oX-l
f i n i t e  d i f f e r e n c e  form o f  t h e  a d j o i n t  e q u a t i o n s  o f  t h e  maximum p r i n c i p l e .
cKE q u a t i o n s  1 1 1 - 2 5 ,  d e r i v e d  f rom = 0,  a r e  j u s t  t h e  o r i g i n a l  s t a t e
o \
?Ke q u a t i o n s .  E q u a t i o n s  1 1 1 - 2 4 ,  d e r i v e d  f rom a—̂  -  0 ,  a r e  a f i n i t e
d i f f e r e n c e  fo rm o f  “  = 0 where  II i s  t h e  H a m i l t o n i a n  f u n c t i o n  o fSu
maximum p r i n c i p l e  t h e o r y .  T h i s  c o r r e s p o n d e n c e  be tw ee n  th e  d i r e c t  method 
and th e  maximum p r i n c i p l e  a p p r o a c h  seems t o  h o ld  t r u e  g e n e r a l l y .  I n  
t h i s  s e n s e ,  t h e n ,  t h e  d i r e c t  method d o es  n o t  y i e l d  any  new t h e o ry *  I t  
d o e s  p r o v i d e  a n  i n t e r e s t i n g  a l t e r n a t i v e  a p p r o a c h  t o  o b t a i n i n g  t h e  f i n i t e  
d i f f e r e n c e  e q u a t i o n s .  I t  i s  f e l t  t h a t  t h e  d i r e c t  method i s  w o r t h y  of  
f u r t h e r  s t u d y  i n  hopes  t h a t  i t  may y i e l d  new i n s i g h t s  i n t o  o p t i m a l  
c o n t r o l  t h e o r y .
The above  exam ple  of  a f i r s t  o r d e r  l i n e a r  s y s t e m  w i t h  q u a d r a t i c
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p e r f o r m a n c e  i n d e x  was i n t r o d u c e d  t o  i l l u s t r a t e  t h e  d i r e c t  method.  The 
method w i l l  be a p p l i e d  i n  t h e  same way t o  h i g h e r  o r d e r  s y s t e m s ,  n o n l i n e a r  
s y s t e m s ,  and o t h e r  p e r f o r m a n c e  i n d i c e s .
S o l u t i o n  o f  t h e  R e s u l t i n g  A l g e b r a i c  E q u a t i o n s
E q u a t i o n s  11 1 -2 3  t h r o u g h  I I . I - 2 5  a r e  t y p i c a l  o f  t h o s e  o b t a i n e d  
i n  t h e  a p p l i c a t i o n  o f  t h i s  m e th o d .  F o r  t h i s  r e a s o n ,  we w i l l  l o o k  more 
c l o s e l y  a t  t h i s  s e t  o f  s i m u l t a n e o u s  e q u a t i o n s .
E q u a t i o n s  I I I - 23 t h r o u g h  I I I - 25 may be w r i t t e n  more c o n v e n i e n t l y  
i n  m a t r i x - v e c t o r  n o t a t i o n  a s  f o l l o w s :
A X + B = 0 ------I I I - 26
w h e re :  A -  n x n m a t r i x  o f  c o e f f i c i e n t s
X = n x 1 column v e c t o r  o f  v a r i a b l e s ,  x ,  u,  \
B -  n x 1 column v e c t o r  o f  c o n s t a n t s
To g a i n  more i n s i g h t  i n t o  t h e s e  e q u a t i o n s ,  c o n s i d e r  e q u a t i o n s  111-26
f o r  n = 4.
2 At 0 0 0 0 0 0 0 - 1 ( 1 - A t ) 0 0
0 2At 0 0 0 0 0 0 0 - 1 ( 1 - A t ) 0
0 0 2At 0 0 0 0 0 0 0 -1 ( 1 - A t )
0 0 0 0 0 0 0 0 0 0 0 -1
0 0 0 0 2 At 0 0 0 At 0 0 0
0 0 0 0 0 2At 0 0 0 At 0 0
0 0 0 0 0 0 2 At 0 0 0 At 0
0 0 0 0 0 0 0 2At 0 0 0 At
- 1 0 0 0 At 0 0 0 0 0 0 0
( 1 - A t ) - 1 0 0 0 At 0 0 0 0 0 0
0 ( 1 - A t )  -1 0 0 0 At 0 0 0 0 0
0 0 1 t> r+ -1 0 0 0 At 0 0 0 0
























Some o b s e r v a t i o n s  a r e  im m e d i a t e l y  a p p a r e n t  c o n c e r n i n g  t h e
c h a r a c t e r i s t i c  m a t r i x ,  A. F i r s t l y ,  t h e  m a t r i x  i s  l a r g e  and " b u l k y " .
2
T h e re  a r e  ( 3 N) e l e m e n t s  f o r  t h e  f i r s t  o r d e r  s y s t e m  c o n s i d e r e d .  S e c o n d l y ,
t h e  m a t r i x  i s  " s p a r s e " ,  t h a t  i s  t h e r e  a r e  many z e r o s - - i n  f a c t ,  most  of
t h e  e l e m e n t s  a r e  z e r o .  T h i r d l y ,  t h e  n o n z e r o  e l e m e n t s  a r e  i d e n t i c a l  i n
d i a g o n a l  s e q u e n c e s .  These  t h r e e  p r o p e r t i e s  a r e  i m p o r t a n t  when c o n s i d e r i n g
a  method o f  s o l u t i o n .
I n  g e n e r a l ,  t h e r e  a r e  two a p p r o a c h e s  t o  s o l v i n g  l i n e a r
s i m u l t a n e o u s  a l g e b r a i c  e q u a t i o n s  such  a s  e q u a t i o n  I I I - 2 6 - - d i r e c t
m e t h o d s , s u c h  a s  Gauss and G a u s s - J o r d a n  e l i m i n a t i o n s ,  o r  i n d i r e c t  i t e r a t i v e
2 4 5p r o c e d u r e s ,  s u c h  a s  G a u s s - S e i d e l , and t h e  g e n e r a l i z e d  Newton m e th o d .  ’ ’
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F o r  most  p ro b le m s  e n c o u n t e r e d  i n  e n g i n e e r i n g  c a l c u l a t i o n s ,  t h e  
d i r e c t  me thods  a r e  p r e f e r r e d  b e c a u s e  t h e y  r e q u i r e  l e s s  c o m p u t a t i o n  t i m e  
and g i v e  e x a c t  r e s u l t s  i n  t h e  a b s e n c e  o f  r o u n d - o f f  e r r o r s .  However,  t h e  
p a r t i c u l a r  p r o p e r t i e s  o f  ou r  c h a r a c t e r i s t i c  m a t r i x  make t h e s e  me thods  
i m p r a c t i c a l ;  c o n s e q u e n t l y ,  i t e r a t i v e  p r o c e d u r e s  a r e  p r e f e r r e d .  The 
r e a s o n s  f o r  t h i s  a r e  as  f o l l o w s :
(1 )  The d i r e c t  methods  r e q u i r e  s e t t i n g  up t h e  A m a t r i x
i n  c o r e  s t o r a g e  and t h e n  p e r f o r m i n g  t h e  e l i m i n a t i o n
p r o c e d u r e .  Even f o r  t h e  s im p l e  f i r s t  o r d e r  s y s t e m ,
2
t h i s  r e q u i r e s  (3N) s t o r a g e  p o s i t i o n s .  O b v i o u s l y ,  
a s  N g e t s  l a r g e r ,  t h e  s t o r a g e  r e q u i r e m e n t s  o f  even  
t h e  l a r g e s t  d i g i t a l  co m p u te r s  a r e  i n s u f f i c i e n t .
( 2 )  . R o u n d - o f f  e r r o r s  a r e  s i g n i f i c a n t  when u s i n g  d i r e c t
m e th o d s .  T h i s  i s  p a r t i c u l a r l y  t r u e  when t h e  A 
m a t r i x  i s  l a r g e  and s p a r s e  s u c h  a s  i n  o u r  c a s e .
(3)  The s y s t e m  o f  e q u a t i o n s  i s  p a r t i c u l a r l y  e a s y  to  
p rog ram  f o r  i t e r a t i v e  p r o c e d u r e s  when t h e  A m a t r i x  
i s  s p a r s e  and h a s  i d e n t i c a l  n o n z e ro  d i a g o n a l s  a s  i s  
t r u e  i n  o u r  c a s e .
2G re e n s p a n  h a s  s u c c e s s f u l l y  used  a m o d i f i e d  New ton-Raphson  method 
( t e r m e d  t h e  " g e n e r a l i z e d  N ew to n ' s  m e t h o d " ) .  To i l l u s t r a t e  t h i s  me thod ,  
c o n s i d e r  a s e t  o f  j  e q u a t i o n s  i n  j  unknowns:
f l ^ x l jX2 ’ X3 ’ ............’ Xj^  = °
f 2^Xl ’X2 ’ X3 ’ ............» x j )  = °
^3^X1 ’ X2 ’X3 ’ • • • • ■ ,  — ®
f j <‘Xl ’X2 ’X3 5 ............’ Xj^ = °   I I I - 3 0
The m o d i f i e d  Newton-Raphson  method s o l v e s  t h e s e  e q u a t i o n s  by a n  i t e r a t i v e  
p r o c e d u r e  i n  w h ic h  t h e  v a l u e  o f  an  unknown f o r  t h e  n+1 i t e r a t i o n ,  
i s  o b t a i n e d  f rom i t s  v a l u e  on t h e  n*"*1 i t e r a t i o n ,  x ? ,  by t h e  f o l l o w i n g  
a l g o r i t h m :
. t  n  n n n.- C)f, (x ,  , x OJx , “ • • • •  X. ).n+1 n r r ,. ,  n n n nN n /r  1 1* 2 * 3 ’______  . i n
~ 1 5x25X35 * ’xj 3/[ Jix
f  , n+1 n n _ # # _ n.
n+1 n „ r r r  , n+1 n n n . V r a ¥ Xl  »x 2 >x 3 >............»x r - n
2 = x 2 '  z n f 2 ( x l  >x 2 >x3 > ---------------------  S J -------------------- ]1
, _n+l n+1 n + 1 ..........  n.
n+1 n „ r r r x n+1 n+1 n n v -, / r ° ' 3  A1 ’X2 ,X3 ,Xj_x U T l 11 r, C r-r / U T i . U T II iL  *1  r  O J. O ■}■)3 = x 3 - /4 L f 3( x 1 , x 2 , x 3 , ............ , Xj )  ] / [  —
- , n+1 n+1 n+1 n.
n+1 n „ r r „ , n+1 n+1 n+1 , r  V * 1  ’X2 ’X3 » ’ V ,
Xj = Xj - Z ( [ f j ( x ] , x 2 , x 3 , ........... 3x . ) J / [ - — ------------------- — --------------------- J
The c o n s t a n t  Z i s  a w e i g h t i n g  f a c t o r  t h a t  may be a d j u s t e d  t o  h e l p
2
a c h i e v e  c o n v e r g e n c e .  G re e n s p a n  recommends s e l e c t i n g  Z i n  t h e  r a n g e  
0 t o  2.
T h i s  a l g o r i t h m  i s  q u i t e  s t r a i g h t f o r w a r d .  P rogramming f o r  l a r g e  
s y s t e m s  o f  e q u a t i o n s  o f  t h e  k in d  e n c o u n t e r e d  i n  t h e  d i r e c t  method i s  e a s y .  
B eca u se  o f  t h e  s e q u e n t i a l  n a t u r e  o f  t h e  s i m u l t a n e o u s  e q u a t i o n s  111-23  
t h r o u g h  1 1 1 - 2 5 ,  e a c h  e q u a t i o n  need n o t  be s e t  up i n d i v i d u a l l y .  The N 
e q u a t i o n s  ( e q u a t i o n  1 1 1 -23 )  a r e  a l l  o f  t h e  same g e n e r a l  fo rm  and may be 
s e t  up e a s i l y  a s  a  com pu te r  s u b r o u t i n e  w i t h  a p a r a m e t e r  r u n n i n g  f rom  1 
t o  N. The same i s  t r u e  f o r  t h e  N e q u a t i o n s  ( e q u a t i o n s  111-24  and 1 1 1 - 2 5 ) .  
T h u s ,  t h r e e  s im p l e  a l g o r i t h m s  can  be s e t  up t o  h a n d l e  t h e  3N e q u a t i o n s  
( e q u a t i o n s  11 1 -2 3  t h r o u g h  111-25)  r e g a r d l e s s  o f  t h e  s i z e  o f  N. Not o n l y
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d oes  t h i s  l e a d  t o  a  s i m p l e  p ro g ram  b u t  t h e  c o r e  s t o r a g e  r e q u i r e d  i s
s m a l l .  T h e re  i s  no need t o  s t o r e  a l l  t h e  c o e f f i c i e n t s  of  t h e  m a t r i x
o f  t h e  3N e q u a t i o n s .  The c o e f f i c i e n t s  a r e . g e n e r a t e d  a s  needed  by th e
t h r e e  a l g o r i t h m s  m e n t io n e d  a b o v e .
Of c o u r s e  t h e r e  a r e  d ra w b a c k s  t o  u s i n g  t h i s  o r  a n y  o t h e r
i t e r a t i v e  p r o c e d u r e .  The m a jo r  p ro b le m  i s  c o n v e r g e n c e .  F o r  l i n e a r
s y s t e m s ,  t h i s  i s  n o t  a g r e a t  d i f f i c u l t y .  The l i n e a r  e q u a t i o n s  i n v o l v e d
i n  t h i s  s tudy  a l l  converged v e r y  q u i c k l y  i f  the e q u a t io n s  V7ere arranged
so  t h a t  t h e  c o e f f i c i e n t  o f  x  i n  e q u a t i o n  f  was a s  l a r g e ,  o r  l a r g e r ,n n
i n  a b s o l u t e  v a l u e  t h a n  t h e  c o e f f i c i e n t s  o f  t h e  o t h e r  v a r i a b l e s  i n  f  .n
F o r  n o n l i n e a r  e q u a t i o n s ,  how ever ,  c o n v e r g e n c e  i s  a g r e a t  p ro b le m .  F o r  
t h e  n o n l i n e a r  e q u a t i o n s  i n  t h i s  s t u d y ,  some e x p e r i m e n t a t i o n  i n  f i r s t  
t r i a l  v a l u e s  and t h e  w e i g h t i n g  f a c t o r  Z were  n e c e s s a r y  t o  o b t a i n  
c o n v e r g e n c e .  However,  t h i s  was c o n s i d e r e d  a s m a l l  p r i c e  t o  pay  f o r  t h e  
s i m p l i c i t y  o f  t h e  a l g o r i t h m  and t h e  s m a l l  amount of  programming e f f o r t  
r e q u i r e d o  I t  i s  f e l t ,  p r o v i d e d  t h e  n o n l i n e a r i t i e s  i n v o l v e d  a r e  n o t  t o o  
s e v e r e ,  t h e  method w i l l  be a u s e f u l  one .
R e t u r n i n g  t o  t h e  o r i g i n a l  example  p r o b le m ,  i t  i s  o b s e r v e d  t h a t  
good r e s u l t s  a r e  o b t a i n e d  e v e n  f o r  a s m a l l  number o f  i n c r e m e n t s ,  N.
R e s u l t s  o f  Example I
S o l u t i o n  o f  e q u a t i o n s  1 1 1 -2 3  t h r o u g h  111 -25  was o b t a i n e d  f o r  
N = 5 ,  10 ,  20 ,  and 50 .  The r e s u l t i n g  c o n t r o l  and s t a t e  a r e  compared t o  
t h e  t r u e  o p t i m a l .  F o r  t h i s  p r o b le m ,  t h e  o p t i m a l  c o n t r o l  and s t a t e  can 
be  o b t a i n e d  a n a l y t i c a l l y  v i a  t h e  minimum p r i n c i p l e  a s  i s  done  by  K o p p e l^ .
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The a n a l y t i c a l  r e s u l t s  a r e :
u * ( t )  -  s i n h  o ( t . - t )   111-31
B i
x * ( t )  = c o s h  a C t ^ - t )  -I- s i n h  c y ( t ^ - t ) ]  . . . . 1 1 1 - 3 2
v/here :  d  = ' / l + p “ l
8 = 0? c o s h  cyCt - t  ) -i- s i n h  a ( t £- t  )K f  o f  o
F i g u r e  I I I - l  com pares  t h e  s t a t e  • t r a j e c t o r y  f o r  d i f f e r e n t  
numbers  o f  i n c r e m e n t s  t o  th e  o p t i m a l  o f  e q u a t i o n  1 1 1 -3 2 .  F i g u r e  .111-2 
com pares  t h e  c o n t r o l s .  Note  t h a t  a s  N i n c r e a s e s  t h e  c o n t r o l  and s t a t e  
c o n v e r g e  t o  t h e  o p t i m a l .
P e r c e n t  d e v i a t i  on f rom t h e  o p t i m a l  i s  c a l c u l a t e d  b y ' a v e r a g i n g  
d e v i a t i o n s  a t  t h r e e  p o i n t s  ( t  = . 2 ,  . 4 ,  . 6 ) .  T h i s  i s  shown a s  a f u n c t i o n  
o f  N i n  F i g u r e  I I I - 3 .  Note  t h a t  f o r  N = 20 l e s s  t h a n  4% d e v i a t i o n  f rom 
t h e  o p t i m a l  s t a t e  t r a j e c t o r y  and c o n t r o l  i s  o b s e r v e d .  F o r  N = 50 ,  a 
0.448% d e v i a t i o n  f rom o p t i m a l  s t a t e  t r a j e c t o r y  and a 1 . 2% d e v i a t i o n  
f rom  o p t i m a l  c o n t r o l  r e s u l t s .
I t  i s  i n t e r e s t i n g  t h a t  f o r  a s  few a s  t e n  i n c r e m e n t s  (N = 10) 
a n  a c c e p t a b l e  a p p r o x i m a t i o n  t o  t h e  o p t i m a l  c o n t r o l  r e s u l t s .  The s o l u t i o n  
o f  t h e  t h i r t y  l i n e a r  a l g e b r a i c  e q u a t i o n s  p r e s e n t s  no p ro b le m s  by th e  
method  d i s c u s s e d  p r e v i o u s l y .
O t h e r  N u m e r i c a l  A p p r o x i m a t i o n s
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t h e  a d j o i n e d  p e r f o r m a n c e  i n d e x .  T h i s  i n v o l v e s  two a p p r o x i m a t i o n s - - t h e  
i n t e g r a l  i t s e l f  and t h e  d e r i v a t i v e s  w i t h i n  t h i s  i n t e g r a l .  I n  t h e  
p r e v i o u s  exam ples  t h e  i n t e g r a l  was a p p r o x i m a t e d  by N r e c t a n g l e s  and t h e  
d e r i v a t i v e s  by fo r w a r d  d i f f e r e n c e s .
An e a s y  way t o  im prove  t h e s e  a p p r o x i m a t i o n s  i s  t o  use  a 
t r a p e z o i d a l  i n t e g r a t i o n  f o r m u l a  and a h i g h e r  o r d e r ,  c e n t r a l  d i f f e r e n c e  
a p p r o x i m a t i o n  t o  t h e  d e r i v a t i v e s .  T h e o r e t i c a l l y ,  e v e n  more s o p h i s t i c a t e d  
( h i g h e r  o r d e r )  n u m e r i c a l  a p p r o x i m a t i o n s  c o u ld  be u s e d .  However,  f o r  
s i m p l i c i t y ,  we w i l l  be c o n t e n t  t o  use  t h e s e  a p p r o x i m a t i o n s .
The t r a p e z o i d a l  i n t e g r a t i o n  f o r m u l a  i s  d e f i n e d  by:
b n
J f (t)  dt ~ £ “ [ f ( t  ) + f ( t  )]
a i - 1
s ~ F f ( a )  + 2f(a-i-At) -!• • • • •  -I- 2 f ( a - i A t )  -I + 2 f ( a + n A t )
+ f(b)]  . . . .111-33
2
The e r r o r  a s s o c i a t e d  w i t h  t h i s  a p p r o x i m a t i o n  i s  p r o p o r t i o n a l  t o  (At)  
w h i l e  t h e  e r r o r  a s s o c i a t e d  w i t h  t h e  r e c t a n g u l a r  i n t e g r a t i o n  i s  p r o p o r t i o n a l  
t o  At.
The c e n t r a l  d i f f e r e n c e  a p p r o x i m a t i o n  o f  a  d e r i v a t i v e  i s  d e f i n e d
by:
, . i+1 i-1/ d x N i  x  x ttt  o /(— ) ~  --------r-----------  . o . .  I l l - 34
M t '  ~  2 At
The e r r o r  a s s o c i a t e d  w i t h  t h e  c e n t r a l  d i f f e r e n c e  a p p r o x i m a t i o n  i s
2
p r o p o r t i o n a l  t o  (A t)  w h i l e  t h a t  o f  t h e  fo rw a rd  d i f f e r e n c e  i s  p r o p o r t i o n a l
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t o  (A t)o  T h i s  second  o r d e r  a p p r o x i m a t i o n  may c a u s e  s t a b i l i t y  p r o b l e m s » 
Whenever  t h e  d i f f e r e n c e  a p p r o x i m a t i o n  o f  a  d e r i v a t i v e  i s  o f  h i g h e r  
o r d e r  t h a n  t h e  o r i g i n a l  d e r i v a t i v e , t h e  s o l u t i o n  c o n t a i n s  e x t r a n e o u s  
s o l u t i o n s  w h ic h  a r e  n o t  r e l a t e d  t o  t h e  t r u e  so lu t ion . ,  I n s t a b i l i t y  
a r i s e s  when t h e s e  e x t r a n e o u s  s o l u t i o n s  become l a r g e  compared t o  t h e  t r u e  
s o l u t i o n . 7
Note  t h a t  t h e  a p p l i c a t i o n  o f  t h e  c e n t r a l  d i f f e r e n c e  a p p r o x i m a t i o n
A p p l i c a t i o n  o f  t h e s e  a l g o r i t h m s  t o  e q u a t i o n  I I I - 21 y i e l d s  t h e  
f o l l o w i n g  n u m e r i c a l  a p p r o x i m a t i o n :
a t  p o i n t s  t  = t Q and t  = t ^  would r e q u i r e  know ledge  of  x o u t s i d e  t h e
i n t e r v a l  ( t  , t r ) .  To c i r c u m v e n t  t h i s  p r o b le m  t h e  fo r w a r d  d i f f e r e n c e  o ’ t
f o r m u l a  i s  u sed  on t h e  f i r s t  p o i n t ,  t  , and t h e  backward  d i f f e r e n c e  
f o r m u l a  i s  u sed  on t h e  l a s t  p o i n t ,  t  .
o  o  o  o I I I - 35
T h i s  new a p p r o x i m a t i o n  t o  Ii i n c r e a s e s  t h e  v a r i a b l e s  i n v o l v e d  by
N Nt w o o The new v a r i a b l e s  d e f i n e d  a r e  u and X .<> The two a d d i t i o n a l
e q u a t i o n s  i n v o l v e d  a r e  o b t a i n e d  f rom  and ^ ie ^N+2 n e c e s s a r y
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c o n d i t i o n s  f o r  t h i s  c a s e  become:
■ ^ r  = Sx1At + X °/2  + X1At -  X2/  2 = 0 ox-1-
o o o o o o c o o *  * « o o o  e o o  o 
o o o o * o o o o o o o o o o o * 0 o  
C i C O * 0 0 0 * 0 0 0 * 0 0 0 0 0 0 0  
0 0 * 0 0 * 0 0 0 0 0 0 0 0 0 0 0 0 0
3K N -1 . ,  . ,N -2  . , N - 1 , N /n— = 3x At + X + X - X 1 2  -  0
3x





o o o o o o o o o o
o « * o o o * » * o
o o o o o o o o o o
o o o o o o o o o o
“  =  2 u N  -  XN = 0 c . o  I I I - 37
-> N 3u
= - x ° A t  + u°At -  x^ + x °  = 0
3X°
aK I  1 1 2  1 o _
— -  = - x  A t +  U A t -  y x  +  - X  = 0
3X *
o o o o o o o o c o o o c o o o o o
0 0 0 0 0 0 0 0 0 0 0 0 0 * 0 * 0 0
o o o o o o o o o o o o o o o o o o
O O O O S O O O O O O O O O O O O O
aK N - l  , . N - l _  I N  , 1 N-2
j jT i  =  - X  A t +  U A t  -  2 X +  2*- = 0
3X
3K N N _ N , N - l  _ TTT OQ= - x  At + u At -  x  + x  = 0  . o o o I I I - 3 8
3X
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T h es e  l i n e a r  a l g e b r a i c  e q u a t i o n s  w e re  s o l v e d  f o r  N = 10 and
compared w i t h  t h e  f i r s t  n u m e r i c a l  a p p r o x im a t i o n . ,  T a b l e  I I I - l  shows 
t h i s  c o m p a r i s o n  w i t h  t h e  o p t i m a l  s t a t e  t r a j e c t o r y , ,  T a b l e  I I I - 2  
com pares  t h e  two a p p r o x i m a t i o n s  w i t h  t h e  o p t i m a l  c o n t r o l „ From 
t h e s e  t a b l e s ,  i t  i s  a p p a r e n t  t h a t  a b e t t e r  a p p r o x i m a t i o n  i s  o b t a i n e d  
u s i n g  t r a p e z o i d a l  i n t e g r a t i o n  and c e n t r a l  d i f f e r e n c e s .
a s  p a r t  o f  t h e  p r o b l e m  s p e c i f i c a t i o n .  A n o th e r  common method of
t i m e  f r e e .  Our f i n i t e  d i f f e r e n c e  method can  e a s i l y  h a n d l e  t h i s  ty p e  
p r o b le m  w i t h  some m o d i f i c a t i o n .  The f o l l o w i n g  exam ple  w i l l  i l l u s t r a t e  
t h e  p r o c e d u r e .
Example I I ;  F i r s t  O rd e r  Sys tem w i t h  F i n a l  S t a t e  F i x e d .  F i n a l  Time F r e e  
A ga in  c o n s i d e r  t h e  f i r s t  o r d e r  s y s t e m  d e s c r i b e d  by th e  
d i f f e r e n t i a l  e q u a t i o n :
We s h a l l  s p e c i f y  t h e  same p e r f o r m a n c e  i n d e x  a s  c o n s i d e r e d  i n  Example I .
R e c a l l  t h a t  i n  t h i s  p ro b le m  t h e  f i n a l  t i m e ,  t ^ ,  was f i x e d
s p e c i f i c a t i o n  i s  t o  f i x  t h e  f i n a l  s t a t e ,  x ( t ^ )  and l e a v e  t h e  f i n a l
111-39
o
O o o  o 111-40
I n  t h i s  c a s e ,  h o w ev e r ,  t ^  i s  f r e e  and x ( t ^ )  i s  s p e c i f i e d  a l o n g  w i t h
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T a b l e  I I I - l
Com par ison  o f  N u m e r ic a l  A p p r o x im n t io n s  
With O p t im a l  S t a t e  T r a j e c t o r y
Time 




O p t im a l  S t a t e  
1 .5 2  
1 .1 6  
0 . 9 0  
Oo 70
A p p r o x . 1 




A pprox .  2' 
1 . 5 2  
1 . 1 6  
0 . 9 0  
0 . 7 0
”A p p r o x . 1 = R e c t a n g u l a r  i n t e g r a t i o n  + f o r w a r d  d i f f e r e n c e  
A p p r o x . 2 = T r a p e z o i d a l  i n t e g r a t i o n  f o r w a r d - c e n t r a l - b a c k w a r d  
d i f f e r e n c e .
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Table  I I I - 2
Corap a r  I s o n  o f  Nume r i c a l  A p p r o x im a t io n s  
W i th  O p t im a l  C o n t r o l
Time O p t im a l  C o n t r o l Approx .  1'' A pprox .2~
0 . 2 - 0 . 5 6 - 0 . 4 9 - 0 . 5 3
0 .4 - 0 . 3 8 - 0 . 3 2 - 0 , 3 7
o o - 0 . 2 4 - 0 . 1 8 - 0 . 2 3
0 . 8 - 0 . 1 1 - 0 . 0 6 - 0 . 1 1
A p p r o x . 1 = R e c t a n g u l a r  i n t e g r a t i o n  i  f o r w a r d  d i f f e r e n c e  
A p p r o x . 2 -  T r a p e z o i d a l  i n t e g r a t i o n  4- f o r w a r d - c e n t r a l - b a c k w a r d  
d i f f e r e n c e .
67
x ( t  ) o L e t  s o '
t  = OoO o
~ u n s p e c i f i e d  
p = loO
x  ~ 2o0 a t  t  = 0 
x  -  loO a t  t  = t f
A g a in  t h e  f i r s t  s t e p  i s  to  a d j o i n  t h e  s y s t e m  e q u a t i o n  
p e r  f  o rma nee  i  n d e x :
K = J f _ Q ( x 2 ( t ) + u 2 ( t) - l-X(t)  [ - x ( t ) + u ( t ) - ™ ^ ] ] d t  o« 
t o "
We may now a p p r o x i m a t e  K n u m e r i c a l l y  by d i v i d i n g  t h e  i n t e r v a l  t 
t_£ i n t o  N e q u a l  p a r t s :
o o 1 °
C  /  O v  . Z  /  O .  A  O r *  O  O  / X  " X  »  n  q
K RS { (x  ) + (u  ) + \  [ - x  +u ) ]}& t
r .  1 , 2  , 1 , 2  l r 1 1 , x 2-x ^  , - p . ,
+ l ( x  ) + ( u  ) + \  [ - x  +u — ) JjAf
0 0 0 0 0 0 0 0 0 0 0 * 0 * 0 0 0 0 0  
0 0 0 * 0 0 0 0 0 0 *  0 * * 0 0 0 0 0  
0 0 0 0 0 0 0 0 0 * 0 0 0 0 0 0 * 0 0  
0 0 0 0 0 0 0 * 0 0 0 0 0 0 0 0 0 0 0
, r f N - l , 2 .  N - l .  2 N - l r N - l .  N - l  ,xN- x N_1, , , .+ l ( x  ) -l-(u ) + \  [ - x  +u - ( — — ) J j At
t o  t h e
o o I I I - 41
t oo
. . I I I - 4 2
Note  t h a t  a l t h o u g h  e q u a t i o n s  111 -41  and  111-21  lo o k  i d e n t i c a l ,  t h e r e  
i s  a  s i g n i f i c a n t  d i f f e r e n c e .  I n  e q u a t i o n  I I I - 21,  At i s  s p e c i f i e d  by 
t h e  s p e c i f i c a t i o n  o f  N, t Q and t ^ .  I n  e q u a t i o n  1 1 1 - 4 1 ,  how ever ,  o n l y
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N and t  a r e  s p e c i f i e d ;  h e n c e ,  At i s  an  unknown v a r i a b l e 0 A ls o  t h e  
f i n a l  v a l u e  o f  x ,  x ^ ,  i s  f i x e d „ T h e r e f o r e ,  we s t i l l  have  3N unknowns.
We now t r e a t  e q u a t i o n  111-41  a s  .any a l g e b r a i c  e q u a t i o n  w i t h  
3N unknowns and w r i t e  t h e  3N n e c e s s a r y  c o n d i t i o n s  f o r  an  e x t e r n a l  
a s  f o l l o w s :
- - r  = 2xXAt -  X° -  I 1 At -l- X1 -  0
Bx
&  o 2 n  i 1 ■ -v2 n~ 2  — 2x At -  X -  X At t  X -  0
3k
0 6 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0  
O O C O O O O O O O O O O O O O Q  
O o o o o o o o e o o o o o o o o  
•  0 6 0 0 0 0 0 0 0 0 0 0 0 0 0 0
oK „ N - l . .  ,N -2  . N - l . .  . . N - l  „ _
— mTT = 2x At - X - X  A t + x  = 0  .0 0 .1 1 1 -4 3
cK
?'K r, o  o  - = 2u + X
3u





„ N - l  ^  N - l  _ 
« 2u + X = 0 ,111 -44
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= - x ° A t  + u°At -  x'*' + x °  = 0o
BX
-2—- = - x 1At + u 1At -  x 2 + x 1 = 0
bx
# 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
o o # o o o o o # o # o o # o # o
c o o c o o o # o o o o o o o « o
q O O O O O O O O O O O Q O O O O
BK N - l . .  . N - l . .  N . N - l  „ _
— w~7 ~ " x ^ u At -  x  + x  = 0  o o o o I H - 4 5
BX
BK / o s 2 , , o . 2  o ,  o o.
a o j y  = <x  > + (u > x < ■ -* +u ^
, /  1 . 2  , /  1 . 2  1 .  1 1.+ ( x  ) -l- (u  ) -l- X (~ x  -Hi )
o o c o o o o * o o o # o o o  
•  o o o o o o # o o o o o # o  
o o o o c o o o o o o o c o o  
0 0 0 0 0 0 0 0 * 0 6 0 0 0 0
, N - l .  2 ^ ,  N - l .  2 , . N - l .  N - l ,  N - l .  .( x  ) + (u  ) -1- X ( - x  -Hi ) -  0
,111-46
O bse rve  t h a t  e q u a t i o n s  I . I I - 4 3  and T.II-45 a r e  n o n l i n e a r  s i n c e  At i s  
a  v a r i a b l e „ A ls o  o b s e r v e  t h a t  we have  o m i t t e d  t h e  p a r t i a l  o f  K w i t h  
r e s p e c t  t o  x ^  s i n c e  x ^  i s  a  c o n s t a n t  and  t h a t  we t r e a t  At a s  any  o t h e r  
v a r i a b l e  i n  w r i t i n g  . e q u a t i o n  I I I ~ 4 6 o
S o l u t i o n  o f  t h e s e  2N n o n l i n e a r  and N l i n e a r  a l g e b r a i c  e q u a t i o n s  
s h o u l d  y i e l d  o u r  o p t i m a l  c o n t r o l ,  s t a t e  t r a j e c t o r y  and v a l u e  o f  At° The 
f i n a l  t i m e  i s  c a l c u l a t e d  f rom :
t £ = N At . . 0 . 1 1 1 - 4 7
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F o r  t h i s  e x a m p le ,  N was  s e t  e q u a l  t o  f i v e  and a p p l i c a t i o n  
o f  e q u a t i o n s  111 -43  t h r o u g h  111-46  r e s u l t e d  i n  f i f t e e n  e q u a t i o n s  and 
f i f t e e n  unknowns.  S o l u t i o n  r e s u l t e d  i n  a  At e q u a l  t o  0 . 0 9 1  
o r  a f i n a l  t i m e  e q u a l  t o  0 . 4 5 5 .  T h i s  com pares  f a v o r a b l y  w i t h  a n  
a n a l y t i c a l  f i n a l  t im e  o f  0 .4 6 7  o b t a i n e d  v i a  t h e  minimum p r i n c i p l e .
The o p t i m a l  s t a t e  and o p t i m a l  c o n t r o l  a r e  compared t o  t h a t  o b t a i n e d  by 
s o l u t i o n  o f  t h e  a l g e b r a i c  e q u a t i o n s  i n  F i g u r e s  I I I - 4  and I I I - 5 .  A ls o  
p l o t t e d  i n  F i g u r e  I I I - 5 ,  i s  t h e  o p t i m a l  c o n t r o l  o b t a i n e d  u s i n g  
t r a p e z o i d a l  i n t e g r a t i o n  w i t h  fo rw a rd  d i f f e r e n c e  on th e  f i r s t  p o i n t ,  
c e n t r a l  d i f f e r e n c e  a p p r o x i m a t i o n  i n  t h e  c e n t e r  o f  t h e  i n t e r v a l  and 
backward  d i f f e r e n c e  on th e  l a s t  p o i n t .  T h i s  i s  l a b e l e d  A p p r o x i m a t i o n  2. 
N o te ,  once  a g a i n ,  t h a t  im provement i n  t h e  a p p r o x i m a t i o n  i s  o b t a i n e d .
We have  c o n s i d e r e d  two t y p i c a l  l i n e a r  o p t i m a l  c o n t r o l  
p ro b le m s  and have  shown t h a t  a good a p p r o x i m a t i o n  t o  th e  o p t i m a l  
c o n t r o l  caii be o b t a i n e d  u s i n g  th e  d i r e c t  f i n i t e  d i f f e r e n c e  me thod .  I t  
i s  s i g n i f i c a n t  t h a t , even  w i t h  a r a t h e r  l a r g e  s t e p  s i z e , a c c e p t a b l e  
r e s u l t s  w e re  o b t a i n e d .
T h i s  d i r e c t  method can  a l s o  be a d a p t e d  t o  h a n d l e  o t h e r  
t y p e s  o f  o p t i m a l  c o n t r o l  p r o b l e m s .  A p ro b le m  f r e q u e n t l y  e n c o u n t e r e d  i s  
t h e  c a s e  where  t h e  c o n t r o l  i s  c o n s t r a i n e d  and i s  r e q u i r e d  t o  d r i v e  t h e  
s y s t e m  f rom  one p o i n t  t o  a n o t h e r  i n  minimum t i m e .  Such minimum time, 
p ro b le m s  a r e  o f  p r a t i c a l  i m p o r t a n c e  i n  p r o c e s s  c o n t r o l .  F o r  e x a m p le ,  
i n  p r o c e s s e s  w h ic h  a r e  s u b j e c t  t o  many s e t  p o i n t  c h a n g e s ,  i t  may be 





O p t im a l
1 .5
«'\"v
A pprox im ate
(N=5)
1. 0
. 1 . 2 3 .4 .5
Time,  T
F i g u r e  I I I - 4
O p t im a l  and A p p ro x im a te  S t a t e  T r a i e c t o r i e s  












.3 .4. 2 .5. 1
Time, T 
F i g u r e  I I I - 5
O p t im a l  and A pprox im a te  C o n t r o l  f o r  Example I I
Approx .  1 = Forward  D i f f e r e n c e s  and R e c t a n g u l a r  I n t e g r a t i o n  
Approx.  2 = F o r w a r d - C e n t r a l - B a c k w a r d  D i f f e r e n c e s  and 
T r a p e z o i d a l  I n t e g r a t i o n
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r a p i d l y  a s  p o s s i b l e , ,  A l s o ,  t h e r e  i s  u s u a l l y  a p h y s i c a l  l i m i t ,  such  a s  
t h e  s i z e  o f  a v a l v e ,  s e t  upon t h e  c o n t r o l  a c t i o n .  To i l l u s t r a t e  
a p p l i c a t i o n  o f  t h e  d i r e c t  p r o c e d u r e  t o  t h e  minimum t i m e  o r  t im e  
o p t i m a l  c o n t r o l  p r o b le m ,  a s im p l e  l i n e a r  exam ple  f o l l o w s .
Example I I I :  Time O p t i ma l  C o n t r o l  v i a  t h e  D i r e c t  Method
C o n s i d e r  t h e  second o r d e r  s y s t e m  d e f i n e d  by t h e  f o l l o w i n g  
d i f f e r e n t i a l  e q u a t i o n :
T h i s  i s  t e rm ed  t h e  d o u b le  i n t e g r a l  p l a n t  by A th a n s  who o u t l i n e s  t h e  
a n a l y t i c a l  s o l u t i o n  f o r  s uch  p r o b l e m s .
I t  i s  d e s i r e d  t o  d r i v e  t h e  s y s t e m  f rom x - 1  i n i t i a l l y  t o
i s  n o t  s p e c i f i e d .  The i n i t i a l  and f i n a l  v a l u e  of  t h e  f i r s t  d e r i v a t i v e s  
a r e  s p e c i f i e d  a s :
. 1 1 1 -4 8
8
x=0 i n  minimum t i m e .  The f i n a l  t i m e ,  t ^ ,  t h a t  i s  t o  be m in im ized
dx 1 a t  t  = 0
dx. 0 a t  t  = 0
The c o n t r o l  i s  c o n s t r a i n e d  by:
|u \ < 1 . 0 .1 1 1 -4 9
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The p e r f o r m a n c e  i n d e x  may be w r i t t e n  a s :
J  = t .  = I* d t   I I I - 5 0
f  J o
O ptin ia l  c o n t r o l  t h e o r y  s p e c i f i e s  t h a t  f o r  a l i n e a r  second  o r d e r  s y s t e m ,  
s u c h  a s  e q u a t i o n  1 1 1 - 4 8 ,  and p e r f o r m a n c e  i n d e x , s u c h  as  e q u a t i o n  1 1 1 -5 0 ,  
t h e  c o n t r o l  w i l l  be b a n g -b a n g  w i t h ,  a t  m o s t ,  one s w i t c h  f rom  minimum t o  
maximum v a l u e  o f  u ( o r  v i c e  v e r s a ) . T h i s  f a c t  w i l l  be u t i l i z e d  t o  
s e t  up o u r  d i r e c t  a l g o r i t h m  i n  a m o d i f i e d  form.
E q u a t i o n  T. II -48  can be r e d e f i n e d  i n  s t a t e  v a r i a b l e  fo rm a s
f o l l o w s :
x^ = x  . . . . .  I l l - 51
k x = x  c o . . 1 1 1 - 5 2
x 2 = u------------------------------------------------------------------------------------I I I - 53
The b o u n d a ry  c o n d i t i o n s  can now be w r i t t e n  a s :
x  ( t  ) ~ 1 1 o
X j C t p  = 0 
*2<t o ) = 1
* 2 ( t f > = o
Assuming t h a t  t h e  c o n t r o l  s t a r t s  a t  t h e  maximum v a l u e ,  u and6 ’ max
s w i t c h e s  t o  i t s  minimum v a l u e ,  u . , a t  t h e  s w i t c h i n g  t i m e ,  t  , t h e’ m m ’ ’ s ’
p r o b l e m  i s  now t o  f i n d  t h e  s w i t c h i n g  t im e  and d e t e r m i n e  i f  t h i s
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s e q u e n c e  o f  s w i t c h i n g  i s  o p t i m a l .
A d j o i n i n g  t h e  s y s t e m  e q u a t i o n s  11 1 -5 2  and 1 1 1 -5 3  t o  t h e  
p e r f o r m a n c e  i n d e x  r e s u l t s  i n :
K = J “Cl + X1 ( x 2- x 1) + \ 2 ( u - x 2) ] d t  . 0 0 . I l l - 54
We h a v e ,  how eve r ,  assumed t h a t  u i s  e q u a l  t o  u . f rom  0 t o  t  and ’ 5 ^ m m  s
u f rom  t  t o  tj_. T h e r e f o r e ,  u i s  n o t  an  unknown and may be max s f  * J
r e p l a c e d  by i t s  a p p r o p r i a t e  v a l u e .  To do t h i s ,  we d i v i d e  t h e  i n t e r v a l  
i n t o  two p a r t s :
t s ,
K = J o  [1 + V v V  + x2 <-um i n ' i 2) ^tlt
t f+ r n  + X . C x . - x - )  + X_(u - x _ ) ] d t  .0 0.111-55
'J t s ~ 1 2  1 2 max 2
We may now a p p r o x i m a t e  e a c h  p a r t  o f  K n u m e r i c a l l y .  T h i s  i s  done u s i n g
r e c t a n g u l a r  i n t e g r a t i o n  and f o r w a r d  d i f f e r e n c e s  by d i v i d i n g  t h e  i n t e r v a l
0 t o  t  i n t o  N i n c r e m e n t s  and t h e  i n t e r v a l  t  t o  t , .  i n t o  M i n c r e m e n t s :  s s f
x ^ - x 0 x l _ x °
K M + X°Cum. „
N N - l  XN N - l
, r 1 t . N - l r N - l  , X1~X1 , ,  N - l r , 2~X2
 ̂ H  ^X2 At,  ̂ 2 ^Umin" At, ^  1
N+l N N+l N
. . N r N , X1 “Xl , n  . . N r , X2 _X2, . .
+ { l + \ 1 [ x 2 -C- ) ]  + ^2 [umax“ ( At 2 ) ] } A t 2
0 0 0
N+M N+M-l N+M_ N+M-l
. r ,  . .N +M -lr  N+M-l , x l  ~x l  , N+M-1 r , X2 " X2 , ,
+ f 1+Xl  Cx 2 + X2 max” ) ] ] & t 2
. o . o I H - 5 6
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t
w h e r e : At,  = unknown = r r -1 N
t f - t g
= unknown = — ——
O b se rv e  t h a t  At-^ and  a r e  unknowns and t h a t  by d e t e r m i n i n g
t h e s e  we a l s o  d e t e r m i n e  t  and t , .  s i n c e  N and M a r e  s p e c i f i e d  a s  a r e  x °s f  1 ’
N+M o N+MXf , x a n d  x ^  » H ence ,  e q u a t i o n  111 -56  i n v o l v e s  4 (N+M) unknowns a s  
i s  t a b u l a t e d  i n  T a b l e  I I I - 3 .
The 4(N+il) n e c e s s a r y  c o n d i t i o n s  a r e  o b t a i n e d  a s  b e f o r e  by 







X.N+M  I I I - 57
BK X° - XfAtf  - X* = 0
?K , N-2 , N - 1 . „  ,N-1
7 ¥ T  = x2 " h  A t i  " *2Bx0
BK , N - l
7 n  = X2 ‘Bx„
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x r x i
At.  J = 0
3K N - l
3\.
N - l
N N - l  x - x
( — — - — )  
v At,  '
= 0
N+l N 
SK N , X1 "x l .  n 







( x i  .......... }
v A t 0 ;
-  0 .1 1 1 -5 9
o m m  At0 
2
N N - l
SK = _ (_2— 2—  ̂ = 0
N - l  min v At,  '
o A>2
N+l N
= u - (— — ~ ^ )  = 0 
N max v At„ '
a \ 2 ^
N+M_ N+M-l
SK  = u _ ^ 2 ----- ^ 2 -------) = Q  H I - 6 0
N+M-1 max At n
3A2
3K - o o , o  , . . N - l  N - l  L N - l  n
—7—r—r  = 1 + A, x 0 + A0u . , +  • • • •  + 51 + A, x„  + A0 u . = 0d ( A t 2 ) 1 2  2 m m ’ ’ 1 2  2 m m
 111-61
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cSK , , , M  , ,N . . , . , N+M-l N+M-l ,N+MV7~-—r  = 1 + X->x o + X0U , + . . » . + ,  1 + X, x„  + X„ u <5(At ) 1 2  2 max3 3 1 2 2 max
. . o I I I - 64
E q u a t i o n s  111-57  t h r o u g h  I I I - 62 may be s i m p l i f i e d  by n o t i n g  t h a t  t h e
N+M e q u a t i o n s  I I I - 57 r e s u l t  i n  X̂  = c o n s t a n t  and may be d ro p p e d .  T h i s
0 N+M-]
a l l o w s  r e p l a c e m e n t  o f  X̂  • • • •  X  ̂ by a c o n s t a n t  i n  e q u a t i o n s  1 1 1 -5 8 ,  
I I I - 61 and I I I - 62.  Our o r i g i n a l  4 (N+M) e q u a t i o n s  a r e  now r e d u c e d  t o  
3 (N+M) + 1 a l g e b r a i c  e q u a t i o n s .
These  e q u a t i o n s  wore s o l v e d  f o r  N = M = 6 and t h e  r e s u l t s
g
compared  t o  t h e  o p t i m a l  s o l u t i o n s  f rom A th a n s  and F a l b  . F i g u r e  I I I - 6
i l l u s t r a t e s  t h e  r e s u l t s .  A g a in  we s e e  t h a t  even  u s i n g  a l a r g e  s t e p
s i z e ,  we o b t a i n  a good a p p r o x i m a t i o n  t o  t h e  o p t i m a l  c o n t r o l .
I t  s h o u ld  be n o t e d  t h a t  t o  d e t e r m i n e  i f  o u r  s w i t c h i n g  s e q u e n c e
i s  o p t i m a l ,  o t h e r  p o s s i b i l i t i e s  s h o u ld  be assumed such  a s  u f rom t  3 r max o
t o  t  and u . from t  t o  t r . F o r  a d i s c u s s i o n  o f  t h i s ,  s ee  A th a n s  and s mm  s f
g
F a l b  . T h i s  c o u ld  e a s i l y  be done by r e p l a c i n g  th e  v a l u e s  o f  u and
u . i n  e q u a t i o n s  I I I - 60 and I I I - 61.  T h i s  w i l l  n o t  be done now s i n c e  mm
we know t h a t  t h e  c o r r e c t  s w i t c h i n g  s e q u e n c e  was assum ed .
We have  now c o n s i d e r e d  t h r e e  t y p i c a l  o p t i m a l  c o n t r o l  p rob lem s  
and  i l l u s t r a t e d  how t h e  f i n i t e  d i f f e r e n c e  method may be a p p l i e d .  A l l  
t h r e e  w ere  l i n e a r  s t a t i o n a r y  au tonomous s y s t e m s .  S ys tem s  w i t h  t im e  
v a r y i n g  c o e f f i c i e n t s  can  be h a n d l e d  i n  a " n a t u r a l "  way u s i n g  t h e  f i n i t e  
d i f f e r e n c e  m e thod .  T h i s  w i l l  be i l l u s t r a t e d  by t h e  f o l l o w i n g  exam ple .
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T a b l e  I I I - - 3  •
T a b u l a t i o n  o f  UnknovmG f o r  Time O p t im a l  P ro b lem
V a r i a b l e  Number o f  Unknowns
N-l-M-11 N+M-1 Xl “ Xl
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F i g u r e  I I I - 6
O p t im a l  and A p p ro x im a te  Minimum 
Time C o n t r o l
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Example IV; Nonautonomous  System
C o n s i d e r  t h e  f i r s t  o r d e r  s y s t e m  d e f i n e d  by :
= c e pt  u ( t )  . . . . 1 1 1 - 6 3d t
V7here : c = c o n s t a n t
p = c o n s t a n t
The s y s t e m  i s  t o  be d r i v e n  f rom x ( t Q) -  0 t o  x ( t ^ )  = 2 } w h e r e  t ^  i s  
s p e c i f i e d  a s  2 ,  i n  s u c h  a way a s  t o  m in im iz e  t h e  c o n t r o l  e f f o r t  d e f i n e d  
b y :
j  = J* 1 u ( t )  d t  ____ I I I - 64
T h i s  i s  t e rm ed  a minimum f u e l  p r o b le m .  A g a i n ,  t h e  f i r s t  s t e p  i s  t o  
a d j o i n  o u r  s y s t e m  e q u a t i o n  t o  t h e  p e r f o r m a n c e  i n d e x :
j  = j o f { u ( t ) 2 + \ ( t ) [ c  e p t  u ( t )  -  “ ] } d t  -------111-65
N e x t ,  a p p r o x i m a t e  J  n u m e r i c a l l y .  F o r  t h i s  e x a m p le ,  u se  t r a p e z o i d a l  
i n t e g r a t i o n  w i t h  f o r w a r d ,  c e n t r a l  and backward  a p p r o x i m a t i o n s  o f  t h e  
d e r i v a t i v e s :
1 or /  o . 2  . , o r p t 0 o , x  - x  v -nAtK w l ( u  ) +  X  [ oe  °  u -  (— — ) ] j - i 2
2 Q
. r ,  1 . 2  . l r  p t l  1 ,X - x  ..
+ U u ) + X I c e  1 u  -  (""2^—-) ]} At
+ ...................................................................................
, r f  N—1 . 2  , _ N - l r P t N_n N - l  , x N- x N" 2 + l ( u  )  M  X  [ c e  u -  (— — — ) J j At
+ U u V  + XN[ceptN uN - ] 1'i 2 . . .  .111-66
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w h e r e :
y i e l d s :
t n  = n
At =




x = 0 
o
XN := 2
W r i t i n g  t h e  n e c e s s a r y  c o n d i t i o n s  f o r  m i n i m i z a t i o n  o f  K




,N -2  . N _-A + X = 0 . . .  .111-67
^ O ->0 p t a  At /-v 2u -I- A c e r  °  --77 = 0 o Z
du
_ 1 , 1  p t i  At r ̂ = 2u + X c e r  x “ 0
dK 0 N - l  ,N-1  p tw - i  , ^ n— = 2u + A c.e At = 0
ou
= 2 u N  + XNc.ep t N ~  = 0  ____I I I - 6 8
N 2
S K  1  °  , P t o  °  ,4-  n—  = - x  -i- x  + ce °  u At = 0 
~d\
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N , N-2 p t Kr_ N - l  a< .x -I- x  -i- ce n i  u At = 0
. . . 1 1 1 - 6 9
The r e s u l t i n g  3(N-;-l) l i n e a r  a l g e b r a i c  e q u a t i o n s  a r e  e a s i l y  s o l v e d .
S o l u t i o n s  a r e  p r e s e n t e d  f o r  N = 5 and N -- 10.  The a n a l y t i c a l  s o l u t i o n
9
t o  t h i s  p r o b le m ,  a s  p r e s e n t e d  i n  Fan  i s :
F i g u r e  I I I - 7  com pares  t h e  o p t i m a l  and a p p r o x i m a t e  c o n t r o l .  Due t o  t h e  
w id e  r a n g e  of v a l u e s ,  t h e  s t a t e  t r a j e c t o r i e s  a r e  compared w i t h  o p t i m a l  
i n  T a b l e  I I I - 4 .  A g a i n ,  we see  t h a t  even  u s i n g  r e l a t i v e l y  l a r g e  s t e p  
s i z e s ,  a good a p p r o x i m a t i o n  t o  t h e  o p t i m a l  c o n t r o l  i s  o b t a i n e d .
Thus f a r ,  we have  c o n s i d e r e d  f o u r  r a t h e r  s i m p l e  ex am p le s  t o  
i l l u s t r a t e  a p p l i c a t i o n  o f  t h e  d i r e c t  f i n i t e  d i f f e r e n c e  m e thod .  A more 
complex  p r o b le m  i n v o l v e s  t h e  d e s i g n  o f  a m u l t i v a r i a b l e  o p t i m a l  c o n t r o l
u ( t )
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s t r a t e g y .  The s y s t e m  t o  be c o n s i d e r e d  i s  a  l i n e a r i z e d  backm ix  c h e m ic a l  
r e a c t o r .
Example V: L i n e a r i z e d  S t i r r e d  Tank R e a c t o r  P r o b l e m
The s t i r r e d  t a n k  r e a c t o r  t o  be s t u d i e d  i s  shown i n  F i g u r e  I I 1 - 8 .
10I t  i s  t h e  same s y s t e m  s t u d i e d  by Sm ith  . The p r o b l e m  i s  t o  c o n t r o l  
t h e  o u t l e t  t e m p e r a t u r e  T and t h e  o u t l e t  c o n c e n t r a t i o n  a t  some d e s i r e d  
s e t  p o i n t s ,  T and C^, i n  s u c h  a way a s  t o  m in im iz e  a s p e c i f i e d  c o s t  
f u n c t i o n .  The m a n i p u l a t e d  v a r i a b l e s  a r e  t h e  f e e d  r a t e ,  w, and t h e  h e a t  
added  o r  removed ,  Q. I n  p r a c t i c e ,  n o t  Q b u t  t h e  f low  r a t e  o f  c o o l i n g  
w a t e r  t h r o u g h  a j a c k e t  o r  c o o l i n g  c o i l s  wou ld  be m a n i p u l a t e d .  T h i s  i s  
r e l a t e d  t o  Q t h r o u g h  an u n s t e a d y  s t a t e  e n e r g y  b a l a n c e .  F o r  t h i s  p r o b le m ,  
how eve r ,  i t  i s  s i m p l e r  t o  assume Q i s  d i r e c t l y  m a n i p u l a t e d  and t h a t  
enough  h e a t  t r a n s f e r  i s  a v a i l a b l e  so  t h a t  s a t u r a t i o n  does  n o t  o c c u r .  A 
l a r g e  Q w i l l  be p e n a l i z e d  i n  t h e  c o s t  f u n c t i o n  t o  e n s u r e  t h a t  t o o  g r e a t  
a c o n t r o l  e f f o r t  w i l l  n o t  o c c u r .  The s y s t e m  i s  d r i v e n  by t h e  i n i t i a l  
c o n d i t i o n s  s p e c i f i e d  f o r  t e m p e r a t u r e  and c o n c e n t r a t i o n .  T h i s  i s  t h e
g
s t a t e  r e g u l a t o r  p ro b le m  d e s c r i b e d  by A th a n s  and F a l b  and p h y s i c a l l y  
may be i n t e r p r e t e d  a s  a " s t a r t - u p "  p r o b le m .
A second  o r d e r  i r r e v e r s i b l e  r e a c t i o n  o f  t h e  form
2A -  B
i s  a ssum ed .  The r a t e  o f  r e a c t i o n  i s  e x p r e s s e d  b y :
R a t e  = k e f  . , . . . 1 1 1 - 7 0
A
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w here  t h e  r a t e  c o n s t a n t  k i s  r e l a t e d  t o  t h e  t e m p e r a t u r e  by a n  A r r h e n i u s  
e x p r e s s i o n :
k *= k e x p ( -A /T )  . . . . I I I - 71
I t  can  be  s e e n  t h a t  t h e  r e a c t i o n  r a t e  i s  n o n l i n e a r  b o t h  w i t h  r e s p e c t  
t o  c o n c e n t r a t i o n  and w i t h  r e s p e c t  t o  t e m p e r a t u r e .
U n s t e a d y  s t a t e  m a t e r i a l  and e n e r g y  b a l a n c e s  on t h e  r e a c t o r
y i e l d :
dC
~--(C - C . )  - kCT = ~ ~  . . . . I l l - 72Vp Af A A d t
W_( I  + _Q__ _ f f f k  _ «  I I I - 7 3
Vpu f  T) Vpcp pc p -  d t  7 j
I n  t h e s e  e q u a t i o n s ,  V i s  t h e  r e a c t o r  v o lu m e ,  p i s  t h e  d e n s i t y  o f  t h e  
r e a c t o r  c o n t e n t s ,  C i s  t h e  s p e c i f i c  h e a t  o f  t h e  r e a c t o r  c o n t e n t s ,  AH> p
i s  t h e  e n t h a l p y  change f o r  t h e  r e a c t i o n ,  and t  i s  t h e  t i m e .  and C ^
a r e  t h e  t e m p e r a t u r e  and c o n c e n t r a t i o n  of t h e  f e e d .
L i n e a r i z a t i o n  o f  e q u a t i o n s  111 -72  and 111 -73  a b o u t  s t e a d y  
s t a t e  o r  s e t  p o i n t  c o n d i t i o n s  y i e l d s :
 2 -
dCA -  kAC. C . , - C .




dT _ ~ 2AlS%  p, rW_ * _Q _ f V \  * JTT 7r
d t  -  C pCp } °A " Vp + ( ~ f ^ c  ) ]  T + VpCp + C Vp } W » • • • I I I - 7 j
The s t e a d y  s t a t e  v a l u e s  C^, T,  Q, w and k  a r e  o b t a i n e d  f rom t h e  s t e a d y
A  /S  A
s t a t e  v e r s i o n s  o f  e q u a t i o n s  111 -72  and 1 1 1 -7 3 .  The v a r i a b l e s  C^, T, Q,
and w a r e  d e f i n e d  a s  v a r i a t i o n s  a b o u t  t h e  s t e a d y  s t a t e  v a l u e s ;  e . g . ,
C. -  C. - C . .A A A
F o r  t h i s  exam ple  t h e  f o l l o w i n g  r e a c t o r  p a r a m e t e r s  w ere
c h o s e n :
V = 1 3 . 3 8  f t 3
p 55 l b / f t 3
c
p
= 1 . 0  B t u / l b ° F
AH = -12000  Btu
A = 14000°R




0 . 4  l b  m o l e s / f t 3
T = 200°F
" a
= 0 . 2  l b  m o l e s / f t 3
Solution of the steady sta te  equations for these conditions yields
steady s ta te  flow ra te ,  rate constant, and heat duty as
w = 7 5 . 2  lb/min
k = 0 . 5 1  f t 'Vlb mole min
Q = 4238 Btu/min
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W ith  t h e s e  p a r a m e t e r s  t h e  l i n e a r i z e d  e q u a t i o n s  may be 
w r i t t e n  i n  m a t r i x  form a s :
o r





a l l a i2 X1
1!
a 21 a 22 X2
b l l  b 12





w here  t h e  s t a t e  v a r i a b l e s a r e  d e f i n e d
A A
t o  be x -  C^,  X£ =  T, ■
A
c o n t r o l  v a r i a b l e s  a r e  - w and u^ -
A
Q. The m a t r i x  e l e m e n t s
a l l  = 0 .041 a ] 2 ~ 44* 6
a 21 = - 0 . 0 0 1 a 22 -  - 0 .3 0 7
b l l  = 0 .0 0 1 b 1? = - 0 .1 3 6
b 22
0 b 2 2 = 0 . 0 0 !
The c o n t r o l  v a r i a b l e s  u ^ ( t ) and ^ ( t )  a r e  t o  be cho
m in im iz e  a q u a d r a t i c  c o s t i n d e x  d e f i n e d  by:
Lo
2-tq22X2 ( t ) 2-l-r i i u i ( t ) 2+r 22u 2 ( t:) 2 ] dl:
w i t h
q l l  = 0 .1 r U  “  1 - °
q 22 = 1 . 0 r 22 = 400
. 1 1 1 -7 6
t h e
.1 1 1 -7 7
t o
. 1 1 1 -7 8
. 1 1 1 -7 9
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O t h e r  p a r a m e t e r s  w e re  s e t  a s  f o l l o w s :
t  = 0 t  = 1 . 0  mino f
• j
x °  = 20°F x^ -  0 . 5  m o l e s / f t  . . . . I I I - 80
To s o l v e  by t h e  d i r e c t  f i n i t e  d i f f e r e n c e  me thod ,w e  f i r s t  
a d j o i n  t h e  s y s t e m  e q u a t i o n s  t o  t h e  p e r f o r m a n c e  i n d e x  u s i n g  th e  
L a g r a n g i a n  m u l t i p l i e r s  \ j ( t )  and \ ^ ( t ) . T h i s  y i e l d s  a new p e r f o r m a n c e  
in d e x  K:
K = Jo ^q l l Xl ^  +C522X2 (' t  ̂ "+ r l l Ul / t ‘) + r 2 2 U2 (' t ^
dXf
+ H ( t ) t a 11v a 12x 2+ b 11u 1+b12u 2‘ ^ r ]
dX2
+ X2 ( t ) [ a 21Xr a 2 2 V b 21Ul +b22U2“ d T ]}dt: . . . . H I - 8 1
K i s  t h e n  a p p r o x i m a t e d  n u m e r i c a l l y  u s i n g  " r e c t a n g u l a r "  i n t e g r a t i o n  and
f o r w a r d  d i f f e r e n c e  a p p r o x i m a t i o n s  f o r  t h e  d e r i v a t i v e s .  The r e s u l t i n g
e x p r e s s i o n  i n v o l v e s  6N i n d e p e n d e n t  v a r i a b l e s  w here  N i s  t h e  number o f
i n t e r v a l s  u sed  be tw een  t  and t , . .  The 6N n e c e s s a r y  c o n d i t i o n s  f o ro f
a n  e x t r e m a l  a r e :
- ^ r = 2qn xi + ^iai]At + x2a2iAt + xi " xi = 0 
dx^
  0 N - l  ^ N - l  _  L N - l  N - l  • . N-2 _




^ N "  A1 
c«-,
f l  = 2tI22X2At + X2a 22&tBx0
+ X]a12&t  + Xb -  X° = 0  I I I - 82
BK
ax.N - l
N - l  N - l
22*2  At *  2. a
N - l  44. , N - l  N- 2 n
2 2 h  + 1 a i 2  X2 " X2
?K_ _ N 
“ N 2
o>^2
. . . . 1 1 1 - 8 3
BK
c
Bu, 2 r l l Ul  + Xl b H  °
i S L
Bu'N-I
0 N - l  
2 r i I Ul
•vN_1h 
X2 11
 I I I - 84
, o, , o.
'1  12 + 2 22
BK „ N - l ------- — *— 2_T 11
^ N - l  22 2 
Bu0
N - l ,  N - l ,
-l- Xx 1 2  2  2 2 . .  . 1 1 1 - 8 5
BK o o o o.- o 1 A
~  = a l l Xi a t  + a 21X2 + b l l Ul At + 12U2 + * ! - * ! =  0
a x j
f t l  = al l Xl ’ lAt + a21X2’ lAt + bl l Ul"lAt + b12u2"lAt
°  1
L N- l  N n 
+  =  0 , 1 1 1 - 8 6
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°  o , o.  o 1
.  o ~ a 21Xl At + a 22X2At + 22u 2 + X2 " X2
?>K N - l . ,  N - l  „ , N - l  N - l  N-2 A
N - l  ~ a 21Xl  A + a 22X2 A + 22U2 A + X2 ~ X2
a \ 2
. . . . 1 1 1 - 8 7
E q u a t i o n s  111-82  t h r o u g h  111-87  w ere  s o l v e d  f o r  t h r e e  v a l u e s  
o f  N ( 1 0 ,  20 ,  100) u s i n g  t h e  m o d i f i e d  N ewton-Raphson t e c h n i q u e  d i s c u s s e d  
e a r l i e r .  The t r u e  o p t i m a l  c o n t r o l  was a l s o  a v a i l a b l e  f o r  t h i s  
l i n e a r i z e d  example  h a v i n g  b een  o b t a i n e d  by th e  R i c a t t i  t r a n s f o r m a t i o n  
method d e s c r i b e d  by Koppel"*. The p ro g ram  f o r  t h i s  s o l u t i o n  may be 
found  i n  A ppend ix  B.
T a b l e  I I I - 5  com pares  t h e  t r u e  o p t i m a l  t e m p e r a t u r e  and 
c o n c e n t r a t i o n  t r a j e c t o r i e s  w i t h  t h e  a p p r o x i m a t e  t r a j e c t o r i e s  o b t a i n e d  
f o r  N = 10o O th e r  a p p r o x i m a t i o n s  (N -  20 ,  100) a r e  n o t  shown b e c a u s e  
t h e y  a g r e e  w i t h  t h e  t r u e  v a l u e s  t o  a t  l e a s t  f o u r  s i g n i f i c a n t  f i g u r e s .
A  A
F i g u r e s  I I I - 9 and I I I - 10 compare t h e  t r u e  o p t i m a l  c o n t r o l  (Q and  w) 
w i t h  t h e  a p p r o x i m a t e  r e s u l t s  f o r  t h e  t h r e e  v a l u e s  o f  N.
Comments on Example V
I t  i s  i m p o r t a n t  t o  n o t e  a g a i n  i n  T a b l e  I I I - 5  t h a t  a  good 
a p p r o x i m a t i o n  t o  t h e  o p t i m a l  c o n t r o l  i s  o b t a i n e d  even  a t  r e l a t i v e l y  
l a r g e  s t e p  s i z e s .  A l s o  n o t e  t h a t  t h e  a p p r o x i m a t e  s o l u t i o n s  c o n v e rg e  
t o  t h e  o p t i m a l  a s  N i n c r e a s e s .
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Table  I I I - 5
C om pa r i son  o f  T e m p e r a t u r e  and C o n c e n t r a t i o n  T r a j e c t o r i e s
o 3Time,  m i n u t e s  T e m p e r a t u r e ,  T, F C o n c e n t r a t i o n ,  C , , l b  m o l e / f t** * /\ *
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Figure H i -10 A p p r o x i m a t e  a n d  'O p t im ai  Control:
Flow Rate
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The g r e a t e s t  a d v a n t a g e  o f  t h i s  f i n i t e  d i f f e r e n c e  method i s  
i t s  s i m p l i c i t y .  The p rogram  t o  s o l v e  e q u a t i o n s  111 -82  t h r o u g h  111-87  v i a  
t h e  Newton-Raphson  method i s  g iv e n  i n  A ppend ix  B. T h i s  method c o n v e r g e s  
v e r y  r a p i d l y  t o  t h e  s o l u t i o n  of  t h e  l i n e a r  e q u a t i o n s .  F o r  N--10, an
i n i t i a l  g u e s s  o f  a l l  unknowns e q u a l  t o  1 . 0  and w e i g h t i n g  f a c t o r  e q u a l
t o  0 . 9  r e s u l t e d  i n  s i x t y  l i n e a r  a l g e b r a i c  e q u a t i o n s  w h ic h  w e re  s o lv e d  
i n  a b o u t  two t o  t h r e e  s e c o n d s  on an  XDS Sigma 5 d i g i t a l  c o m p u te r .  F o r  
N=100, t h e  same i n i t i a l  g u e s s  and w e i g h t i n g  f a c t o r  a s  i n  N=10 r e s u l t e d  
i n  s i x  hu n d red  e q u a t i o n s  w h ic h  w ere  s o l v e d  i n  a p p r o x i m a t e l y  40 s e c o n d s !
S i n c e  t h i s  exam ple  c o n s i s t e d  o f  a l i n e a r  e q u a t i o n  and 
q u a d r a t i c  p e r f o r m a n c e  i n d e x , s o l u t i o n  v i a  t h e  maximum p r i n c i p l e  c o u ld  be
o b t a i n e d  w i t h o u t  s o l v i n g  a n o n l i n e a r  two p o i n t  b o u n d a ry  v a l u e  ( u s i n g
t h e  R i c c a t i  t r a n s f o r m a t i o n ) . Even i n  t h i s  s p e c i a l  c l a s s  o f  p ro b lem
(w h ic h  i s  p a r t i c u l a r l y  e a s y  t o  s o l v e  v i a  t h e  maximum p r i n c i p l e ) ,  the
p r o g r a m i n g  e f f o r t  r e q u i r e d  i s  l e s s  u s i n g  our  d i r e c t  a p p r o a c h .  Compare 
p ro g ram s  f o r  b o t h  me thods  i n  A ppendix  B.
I t  s h o u ld  be n o t e d  a l s o  t h a t  t h e  d i r e c t  method i s  n o t  l i m i t e d
t o  any  p a r t i c u l a r  t y p e  of  s y s t e m  o r  p e r f o r m a n c e  i n d e x .
Note  i n  T a b l e  I I I - 5  t h a t  t h e  t e m p e r a t u r e  i s  n o t  " r e g u l a t e d "  
i n  t h e  s p e c i f i e d  t i m e  (one  m i n u t e ) . The r e a s o n  f o r  t h i s  i s  i n  o r d e r  
t o  b r i n g  t h e  t e m p e r a t u r e  to w ard  t h e  s t e a d y  s t a t e  v a l u e  i n  t h i s  s h o r t  
amount o f  t im e  ( r e l a t i v e  t o  t h e  s y s t e m  t im e  c o n s t a n t s ) ,  wou ld  r e q u i r e  
an  e x c e s s i v e  c o n t r o l  e f f o r t ,  t h u s ,  a d d i n g  a g r e a t e r  p e n a l t y  t h a n  t h e  
r e l a t i v e  p r o f i t  g a i n e d  by r e g u l a t i o n  o f  t e m p e r a t u r e .
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O p t im a l  C o n t r o l  o f  N o n l i n e a r  Sys tem s  v i a  t h e  D i r e c t  Method
As h a s  been m e n t io n e d  p r e v i o u s l y ,  t h e  d i r e c t  f i n i t e  d i f f e r e n c e  
method can  h a n d l e  l i n e a r  o r  n o n l i n e a r  s y s t e m s .  T h e re  i s  more i n c e n t i v e  
t o  use  t h i s  method f o r  t h e  n o n l i n e a r  s y s t e m  s i n c e  we c i r c u m v e n t  t h e  
s o l u t i o n  o f  t h e  s e n s i t i v e  n o n l i n e a r  two p o i n t  b o u n d a r y  v a l u e  p r o b l e m 0 
The c h o i c e  o f  t h e  s o l u t i o n  method i s  n o t  c l e a r  c u t ,  how ever ,  
s i n c e  t h e  d i r e c t  method a lw a y s  y i e l d s  n o n l i n e a r  a l g e b r a i c  e q u a t i o n s  
f o r  t h e  n o n l i n e a r  s y s t e m .  The e q u a t i o n s  r e s u l t i n g  f rom t h e  exam ples  
c o n s i d e r e d  i n  t h i s  s t u d y  w e r e ,  h o w ev e r ,  s o l v e d  e a s i l y  u s i n g  N ew to n ' s  
method ( p r e v i o u s l y  d i s c u s s e d ) .  T h e re  a r e  many more s o p h i s t i c a t e d  
methods  o f  s o l v i n g  n o n l i n e a r  a l g e b r a i c  e q u a t i o n s .  R e f e r e n c e s  11 and 
12 a r e  c o n c e r n e d  w i t h  s u c h  m e th o d s .
S i n c e  n o n l i n e a r i t i e s  may a p p e a r  i n  many w ays ,  i t  i s  n o t  
p o s s i b l e  t o  c h a r a c t e r i z e  a t y p i c a l  o r  g e n e r a l  c l a s s  of  n o n l i n e a r  
s y s t e m s .  H ence ,  a p p l i c a t i o n  o f  t h e  d i r e c t  method t o  n o n l i n e a r  sy s tem s  
w i l l  be i l l u s t r a t e d  by e x a m p le s .  The f i r s t  i s  a " m i l d l y 11 n o n l i n e a r  
s y s t e m .  The second  i s  a h i g h l y  n o n l i n e a r  c h e m ic a l  r e a c t o r  model 
d e s c r i b i n g  an  e x o t h e r m i c  r e v e r s i b l e  r e a c t i o n .
Example VI:  M i l d l y  N o n l i n e a r  Sys tem
C o n s i d e r  t h e  s y s t e m  d e s c r i b e d  by t h e  f o l l o w i n g  n o n l i n e a r  
d i f f e r e n t i a l  e q u a t i o n :
d x  , , , 2  , . . .
— ; =  - X ( t )  +  L l ( t ) .111-88
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w h e r e :  x ( t - O )  = 10
The i n d e x  o f  p e r f o r m a n c e  i s  g i v e n  by:
J  = lr . t f = l o 0 ( x ( t ) 2 + u ( t ) 2) d t  . . . . 1 1 1 - 8 9
2 J 0
T r e a t i n g  e q u a t i o n  111-88  a s  a c o n s t r a i n t  y i e l d s :
k  -  f f { x ( t ) 2+ u ( t ) 2+ x ( t ) [ - x ( t ) 2+ u ( t ) 2 - 4 r 3 } dt:  111 -9 0
0  o  cl L
The p r o c e d u r e  i s  e x a c t l y  t h e  same a s  f o r  t h e  l i n e a r  s y s t e m s .  F i r s t ,  
a p p r o x i m a t e  K n u m e r i c a l l y :
r  /  O * 2 /  O .  2 -v ® r  /  ® \  2  O  > X " X v - i ' )  ,K «  [ ( x  ) + (u ) + X [ ( - x  ) -l- u -  (— — ) J I At
2 1
r / 1 \ 2  / 1 \ 2  . 1 r / 1 , 2  1 X  — X  ,  i ,+ { (x  ) + (u ) + X [ ( - X  )  + u - (— — ) ] } A t
-h
r ,  N - l , 2 , N - l , 2 „ N - l r ,  N - l , 2 N - l  , x N- x N 1  + { (x  ) + (u  ) H-\ [ ( - x  ) -lu------- - ( — —---- ) J }At
. . . 1 1 1 - 9 1
w h e r e :  At = l /N
The n e c e s s a r y  c o n d i t i o n s  f o r  an e x t r e m a l  a r e
SK „o 1 , 1  1 1 n
■— r  -  -X + 2X At -  2 X x At + X = 0
BK . N-2 . N - l . .  , N - l  N - l . .  . , N - l— —  = -X + 2x  At - 2 \  x  At + X = 0
d x
JgK ,N -1  _— 0 . .  . .  111-92
2x
1 0 0
= 2u°A t  -l- X°At = 0
Bu
BK 0 N - l . .  , N - l  n= 2u At  + X At = 0
3u N- l
. .  . . 1 1 1 - 9 3
BK
3X°
, o,  2 o , 1 o. _(x  ) At + u At -  ( x  - x  ) = 0
BK , N - l , 2 . .  . N - l . .  , N N - l ,  „ n/—-r—y  - ( x  ) At + u At - ( x  - x  ) = 0 . . . . 1 1 1 - 9 4
3X '
E q u a t i o n s  111-92  and I . I I - 9 4  a r e  n o n l i n e a r  w h i l e  e q u a t i o n s  
11 1 -9 3  a r c  l i n e a r .  The e q u a t i o n s  c o r r e s p o n d i n g  t o  111 -92  w i l l  be 
n o n l i n e a r  f o r  any  sy s t e m  t h a t  h a s  a n o n l i n e a r  s t a t e  t e r m ,  x ,  s i n c e  
d i f f e r e n t i a t i o n ,  w i t h  r e s p e c t  t o  a n o n l i n e a r  t e r m , w i l l  n o t  be u n i t y .  
S i m i l a r l y ,  e q u a t i o n s  111-93  w i l l  b e  n o n l i n e a r  i f  t h e r e  i s  a n o n l i n e a r  
c o n t r o l  t e r m ,  u.  E q u a t i o n s  111 -9 4  w i l l  a l w a y s  be n o n l i n e a r  s i n c e  t h e  
s y s t e m  d i f f e r e n t i a l  e q u a t i o n  i s  n o n l i n e a r .
S o l u t i o n  o f  t h e  N e c e s s a r y  C o n d i t i o n s
The 3N e q u a t i o n s  111 -9 2  t h r o u g h  1 1 1 -9 4  w ere  s o l v e d  f o r  N 
e q u a l  t o  20 and 100 by N e w to n ' s  m e thod .  A w e i g h t i n g  f a c t o r  of  0 . 5  was 
c h o s e n .  I n i t i a l  v a l u e s  f o r  a l l  t h e  x ' s  w e re  5 .  A l l  t h e  u ' s  and X 's  
w e re  assumed t o  be 1.  F o r  t h e  c a s e  w he re  N = 100 ,  t h e  r e s u l t i n g
101
t h r e e  h u n d re d  a l g e b r a i c  e q u a t i o n s  w ere  s o l v e d  i n  a b o u t  t w e l v e  s e c o n d s  
on t h e  XDS Sigma 5 d i g i t a l  co m p u te r .
S o l u t i o n  o f  t h i s  p ro b le m  was a l s o  o b t a i n e d  by a c o n v e n t i o n a l  
s o l u t i o n  o f  t h e  two p o i n t  b oundary  v a l u e  p r o b le m  r e s u l t i n g  f rom 
a p p l i c a t i o n  o f  t h e  minimum p r i n c i p l e .  T h i s  p r o b le m  i s  d e f i n e d  by:
“  -  - x 2 + u ____I I I - 95a t
-  2 \x  - x----------------------------------------------------------------- ------I I I - 9 6
w h e r e : x ( t  ) -  10o '
X( t f ) -  0
A t r i a l  and e r r o r  p r o c e d u r e  was used  t o  s o l v e  e q u a t i o n s  111-95  and
I I I - 9 6 o  V a lues  o f  x ( t ^ )  were  a ssum ed ,  t h e n  e q u a t i o n s  111-95  and 111-96
w e re  i n t e g r a t e d  backward t o  t  and t h e  v a l u e  o f  x ( t Q) was c h e c k e d .  The
p r o c e d u r e . w a s  r e p e a t e d  u n t i l  x ( t  ) was  e q u a l  t o  10.  The r e s u l t s  a g r e e
3
w i t h  t h o s e  o b t a i n e d  by Sage u s i n g  q u a s i l i n e a r i a a t i o n .
F i g u r e  I I I - l l  compares  t h e  s t a t e  t r a j e c t o r y  o b t a i n e d  by t h e  
f i n i t e  d i f f e r e n c e  method w i t h  t h e  o p t i m a l .  F i g u r e  111 -12  compares  
t h e  a p p r o x i m a t e  c o n t r o l  f o r  N = 20 w i t h  t h e  o p t i m a l .  The c o n t r o l  f o r  
N = 100 i s  n o t  shown b e c a u s e  i t  a g r e e s  w i t h  t h e  o p t i m a l  t o  a t  l e a s t  
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A pprox im a te :  
N -  20
1 . 0.75.50.25
Time,  t  
F i g u r e  111-12
O p t im a l  and A pprox im ate  C o n t r o l  f o r  
N o n l i n e a r  System
A g a i n ,  we o b s e r v e  t h a t  a s  t h e  i n c r e m e n t  s i z e  i s  r e d u c e d  t h e  
n u m e r i c a l  p r o c e d u r e  c o n v e r g e s  t o  t h e  o p t i m a l .  F o r  N -  20,  an  a c c e p t a b l e  
a p p r o x i m a t i o n  t o  t h e  o p t i m a l  c o n t r o l  i s  o b t a i n e d .
O p t im a l  T e m p e r a t u r e  P ro g ram  f o r  a R e v e r s i b l e  R e a c t i o n
We s h a l l  now c o n s i d e r  c a l c u l a t i o n  o f  t h e  o p t i m a l  t e m p e r a t u r e  
p r o f i l e  f o r  t h e  f i r s t  o r d e r  r e v e r s i b l e  e x o t h e r m i c  r e a c t i o n .  T h i s  
p r o b le m  was t r e a t e d  i n  C h a p t e r  I I  by a p p l i c a t i o n  o f  t h e  maximum p r i n c i p l  
F o r  c o m p a r i s o n  p u r p o s e s ,  we w i l l  assume t h e  same k i n e t i c  p a r a m e t e r s  t h a t  
w e re  u sed  i n  C h a p t e r  I I .  C o n s i d e r  t h e  f i r s t  o r d e r  r e v e r s i b l e  r e a c t i o n :
The r e a c t i o n  i s  assumed t o  be c a r r i e d  o u t  i n  a b a t c h  r e a c t o r .  We w i s h  
t o  d e t e r m i n e  t h e  o p t i m a l  t e m p e r a t u r e  p rogram  f o r  t h e  r e a c t o r ,  i . e . ,  
t h e  t e m p e r a t u r e  v s  t im e  r e l a t i o n  t h a t  w i l l  y i e l d  t h e  most  c o n v e r s i o n  
i n  a g i v e n  t i m e .
M a t h e m a t i c a l l y , t h e  p r o g r e s s  o f  t h e  r e a c t i o n  may be d e s c r i b e d  
by t h e  d i f f e r e n t i a l  e q u a t i o n :
~  = k 1 ( T ) ( l - x )  - k 2 ( T ) x  ------I I I - 97
w here
k^ (T )  = fo r w a r d  r a t e  c o n s t a n t ,  
k 2 (T) = r e v e r s e  r a t e  c o n s t a n t ,
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x  = f r a c t i o n  c o n v e r s i o n  o f  r e a c t a n t  A,
T = a b s o l u t e  t e m p e r a t u r e  
t  = t ime
The v a r i a t i o n  o f  r a t e  c o n s t a n t s  w i t h  t e m p e r a t u r e  i s  assumed t o  be 
g i v e n  by t h e  A r r h e n i u s  r e l a t i o n :
k 1 (T) = k l 0  e x p ( - E 1 /RT)
k 2 (T) = k 2Q e x p ( - E 2 /RT) . . . . 1 1 1 - 9 8
w here
k^Q = f r e q u e n c y  f a c t o r  f o r  f o rw a rd  r e a c t i o n ,  
k 2 Q = f r e q u e n c y  f a c t o r  f o r  r e v e r s e  r e a c t i o n ,
E^ = a c t i v a t i o n  e n e r g y  f o r  f o r w a r d  r e a c t i o n ,
E2 = a c t i v a t i o n  e n e r g y  f o r  r e v e r s e  r e a c t i o n , ,
S u b s t i t u t i o n  o f  e q u a t i o n  111-98  i n t o  e q u a t i o n  T.II-97 y i e l d s  
t h e  n o n l i n e a r  d i f f e r e n t i a l  e q u a t i o n  t h a t  d e s c r i b e s  t h i s  s y s t e m .  We 
w i s h  t o  d e t e r m i n e  t h e  c o n t r o l  T ( t )  t h a t  w i l l  maximize  t h e  f i n a l  
c o n v e r s i o n  x ( t  ) .  S t a t i n g  t h i s  i n  t h e  n o m e n c la t u r e  o f  o u r  p r e v i o u s  
e x a m p l e s ,  t h e  s t a t e  v a r i a b l e  i s  x ,  t h e  c o n t r o l  v a r i a b l e  i s  T,  and 
t h e  p e r f o r m a n c e  i n d e x  t o  be m in im ized  i s :
.1 1 1 -9 9
P r o c e e d i n g  a s  b e f o r e ,  a d j o i n  t h e  s y s t e m  e q u a t i o n  t o  t h e  
p e r f o r m a n c e  i n d e x  t o  g e t  a m o d i f i e d  p e r f o r m a n c e  i n d e x  K:
t ,  ,
K = - x ( t f ) + J o r X ( t ) [ k 1 ( T ) ( l - x ) - k 2 ( T ) x -  ~ ] d t  . . . . I I X - 1 0 0
K i s  t h e n  a p p r o x i m a t e d  n u m e r i c a l l y  and t h e  n e c e s s a r y  c o n d i t i o n s  f o r  an  
e x t r e m a l  a r e  o b t a i n e d :
S o l u t i o n  o f  e q u a t i o n s  I I I - 1 0 1  t h r o u g h  I I I - 1 0 3  was o b t a i n e d  
by  N e w to n ' s  method,,  The f o l l o w i n g  v a l u e s  o f  t h e  p a r a m e t e r s  w ere  u s e d :
k^Q = 69o5 s e c  ^
k^g = 5555 s e c
Ej -  1 0 , 0 0 0  B t u / l b  mole
E g  -  2 0 ,0 0 0  B t u / l b  mole
t , .  ~ 15 s e c o n d s±
x ( t  ) =  0„1 o
N «  300
The a p p r o x i m a t e  n u m e r i c a l  s o l u t i o n  compares  v e r y  f a v o r a b l y  w i t h  t h e  
a n a l y t i c a l  s o l u t i o n  a s  shown i n  T a b l e  I I I - 6 „  V a lu e s  o f  o p t i m a l  
t e m p e r a t u r e s  a r e  compared a t  t h e  same c o n v e r s i o n ,  A l s o  shown i s  t h e  
t i m e  n e c e s s a r y  t o  g e t  t o  t h i s  c o n v e r s io n , ,
S o l u t i o n  o f  t h e  n o n l i n e a r  a l g e b r a i c  e q u a t i o n s  I I I - 101 was  n o t  
o b t a i n e d  a s  e a s i l y  a s  i n  o t h e r  sample  prob lems , .  T h i s  i s  caused  by t h e  
h i g h l y  n o n l i n e a r  e x p o n e n t i a l  t e r m  w h ic h  c a u s e s  s t e e p  t e m p e r a t u r e  
g r a d i e n t s , ,  Some e x p e r i m e n t a t i o n  was n e c e s s a r y  i n  c h o o s i n g  t h e  w e i g h t i n g  
f a c t o r  Z i n  t h e  m o d i f i e d  Newton-I iaphson p r o c e d u r e .  Convergence  c o u ld  
n o t  be o b t a i n e d  w i t h  Z = 1„0 o r  Z ~ 0 , 6  ( w i t h  t h e  c h o s e n  i n i t i a l  t r i a l  
v a l u e s  o f  x ,  X, and u)  b u t  w i t h  Z = 0„5 c o n v e rg e n c e  was  r a p i d „ The 
i n i t i a l  t r i a l  v a l u e s  w e re  a s  f o l l o w s :
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T able  I I I - 6
C om par i son  o f  N u m e r i c a l  and A n a l y t i c a l  S o l u t i o n s  
o f  Optimum T e m p e r a t u r e  P ro g ra m  P r o b l e m
C o n v e r s i o n T, °R T * , °R T im e , s e c . T i m e * , s e c
0 .1 1740 1750 0 . 0 0 . 0
0 . 2 3 1295 1302 0 . 1 0 0 .1 1
0 . 3 1184 1191 0 . 3 0 0 . 3 2
0 . 4 1065 1078 0 . 7 0 0 . 7 4
0 . 5 986 992 1 .3 5 1 . 3 5
0 . 6 913 918 2 . 6 0 2 .6 7
0 .7 844 850 5 . 1 0 5 . 1 4
0 . 8 774 779 1 0 .8 0 1 0 .9 5
d e n o t e s  a n a l y t i c a l  s o l u t i o n .
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The s t a b i l i t y  o f  t h e  s o l u t i o n  was a l s o  a f f e c t e d  by t h e  c h o i c e  o f  
x ( t Q) . I f  t h e  i n i t i a l  c o n v e r s i o n  i s  c h o s e n  a s  z e r o ,  the  c o r r e s p o n d i n g  
i n i t i a l  o p t i m a l  t e m p e r a t u r e  i s  i n f i n i t e .  T h i s  p r e v e n t s  n u m e r i c a l  
s o l u t i o n  of  t h e  n e c e s s a r y  e q u a t i o n s .  To c i r c u m v e n t  t h i s  p r o b le m ,  a 
s m a l l  i n i t i a l  c o n v e r s i o n  must  be  assumed.
C o n c lu s  i o n
I n  t h i s  c h a p t e r ,  t h e  d i r e c t  f i n i t e  d i f f e r e n c e  method v;as 
d e v e l o p e d  and a p p l i e d  t o  many l i n e a r  and n o n l i n e a r  o p t i m a l  c o n t r o l  
p ro b le m s c  I t  was shown t h a t  t h e  method can be a p p l i e d  i n  a s t r a i g h t ­
f o r w a r d  manner t o  a w ide  v a r i e t y  o f  p r o b l e m s .
The r e s u l t s  i n d i c a t e  t h a t  i n  most  c a s e s  a good a p p r o x i m a t i o n  
t o  t h e  o p t i m a l  c o n t r o l  can  be  o b t a i n e d  e v e n  w i t h  r e l a t i v e l y  l a r g e  s t e p  
s i z e s .  I n  a l l  c a s e s  c o n s i d e r e d ,  t h e  a p p r o x i m a t i o n  c onve rge d  t o  t h e  
o p t i m a l  a s  t h e  s t e p  s i z e  was d e c r e a s e d .
T h i s  method r e s u l t s  i n  an a p p r o x i m a t i o n  to t h e  o p t i m a l  c o n t r o l  
f u n c t i o n ,  u * ( t ) .  T h i s  o p t i m a l  c o n t r o l  f u n c t i o n  i s  a programmed o r  
open  lo o p  c o n t r o l  law s i n c e  t h e  c o n t r o l  i s  a f u n c t i o n  o n ly  o f  t i m e .
Such c o n t r o l  l aw s  r e m a in  o p t i m a l  o n ly  i f  t h e  s y s t e m  f o l l o w s  t h e  o p t i m a l  
t r a j e c t o r y .  I n  t h e  n e x t  two c h a p t e r s ,  methods  w i l l  be c o n s i d e r e d  t o  
o b t a i n  a n  a p p r o x i m a t i o n  t o  t h e  o p t i m a l  f e e d b a c k  o r  c l o s e d  loop  c o n t r o l  
l a w ,  u * ( x ) , f o r  n o n l i n e a r  s y s t e m s .
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N o m e n c la tu r e
A -  C o n s t a n t  i n  A r r h e n i u s  t e m p e r a t u r e  e q u a t i o n
C, -  C o n c e n t r a t i o n  o f  A
A
C, -  S t e a d y  s t a t e  c o n c e n t r a t i o n  o f  A A J
A
C. - D e v i a t i o n  f ro m  s t e a d y  s t a t e  c o n c e n t r a t i o n  
A
Cp - H e a t  c a p a c i t y
H - H a m i l t o n i a n  f u n c t i o n
J  - P e r f o r m a n c e  i n d e x
K - A d jo i n e d  p e r f o r m a n c e  i n d e x
L - G e n e r a l  t e r m  i n  p e r f o r m a n c e  i n d e x
M - Number o f  i n c r e m e n t s  f rom s w i t c h i n g  t i m e  t o  f i n a l  t im e-
N - Number o f  i n c r e m e n t s
Q - H ea t  t r a n s f e r
Q - S t e a d y  s t a t e  h e a t  t r a n s f e r
A
Q - D e v i a t i o n  f rom  s t e a d y  s t a t e  h e a t  t r a n s f e r
T - T e m p e r a t u r e
T - S t e a d y  s t a t e  t e m p e r a t u r e
A
T -  D e v i a t i o n  f rom  s t e a d y  s t a t e  t e m p e r a t u r e
T -  Feed  t e m p e r a t u r e
V • - Volume
w - Flow r a t e
w - S t e a d y  s t a t e  f lo w  r a t e
A
w - D e v i a t i o n  f rom  s t e a d y  s t a t e  f low  r a t e
Z -  W e i g h t i n g  f a c t o r  f o r  N e w to n ' s  method
a  -  I n t e r v a l  l i m i t s
a  - E l e m e n t  o f  A m a t r i xn,m
b - I n t e r v a l  l i m i t s
b - E lem en t  o f  B m a t r i xn,m
R -  C o n s t a n t  d e f i n e d  i n  E q u a t i o n  I I I - - 63
q -  F r e q u e n c y  f a c t o r  o f  f o r w a r d  r e a c t i o n
K^q -  F r e q u e n c y  f a c t o r  o f  r e v e r s e  r e a c t i o n
p -  C o n s t a n t  d e f i n e d  i n  E q u a t i o n  I I I - 63
t  - Time
t  -  I n i t i a l  t im eo
t  - S w i t c h i n g  t im e  s °
t £ - F i n a l  t im e
x  - S t a t e  v a r i a b l e
u - C o n t r o l  v a r i a b l e
u - Maximum v a l u e  o f  c o n t r o l  v a r i a b l emax
u . - Minimum v a l u e  o f  c o n t r o l  v a r i a b l emin
a  -  C o n s t a n t  d e f i n e d  by E q u a t i o n  111-32
8 - C o n s t a n t  d e f i n e d  by E q u a t i o n  111-32
AH - H ea t  o f  r e a c t i o n
At - Time i n c r e m e n t
p . - D e n s i t y
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CHAPTER IV
APPROXIMATE OPTIMAL CLOSED LOOP CONTROL OF NONLINEAR 
SYSTEMS VIA PARAMETER SEARCH
I n t r o d u c t i o n
O p t im a l  c o n t r o l  t h e o r y  h a s  been  g i v e n  c o n s i d e r a b l e  a t t e n t i o n  
i n  t h e  l i t e r a t u r e  o f  r e c e n t  y e a r s .  To d a t e ,  how ever ,  l i t t l e  a p p l i c a t i o n  
h a s  b een  made p a r t i c u l a r l y  i n  t h e  a r e a  o f  p r o c e s s  c o n t r o l .  T h i s  i s  due 
t o  t h e  l i m i t a t i o n  o f  t h e  p r o b le m s  t h a t  can  be s o l v e d . The t y p i c a l  
o p t i m a l  c o n t r o l  p r o b l e m  i s  a s  f o l l o w s :
G iven  th e  l i n e a r  s y s t e m  d e f i n e d  by:
X = A X -l- B u „ o c I V - l
w h e r e :  X -- n - d i m e n s i o n a l  s t a t e  v e c t o r
A = n x  n s y s t e m  m a t r i x  
B -  n x r  c o n t r o l  m a t r i x  
_u = r - d i m e n s i o n a l  c o n t r o l  v e c t o r
o
X = t i m e  d e r i v a t i v e  o f  X
F i n d  the c o n t r o l  . u ( t )  t h a t  w i l l  d r i v e  t h e  s y s t e m  i n  s u c h  a way a s  t o  
m i n im i z e  a s p e c i f i e d  p e r f o r m a n c e  c r i t e r i o n  o r  c o s t  f u n c t i o n .  The 
o p t i m a l  c o n t r o l  p r o b l e m  i s  o f t e n  c l a s s i f i e d  a c c o r d i n g  t o  t h e  t y p e  o f  
p e r f o r m a n c e  i n d e x  s p e c i f i e d .
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Lapidus'*'  l i s t s  t h e  f o l l o w i n g  m e a s u r e s  o f  p e r f o r m a n c e :
1) T e r m i n a l  c o n t r o l :  D r i v e  t h e  s y s t e m  a s  c l o s e  a s
p o s s i b l e  t o  a f i n a l  s t a t e  i n  a  g i v e n  t i m c o
2) Minimum t i m e :  D r i v e  t h e  s y s t e m  t o  i t s  f i n a l  s t a t e  i n
minimum t i m e .
3) Minimum e n e r g y  o r  f u e l :  D r i v e  t h e  s y s t e m  t o  i t s
f i n a l  s t a t e  w i t h  a minimum c o n t r o l  e f f o r t .
4) R e g u l a t o r :  D r i v e  t h e  s y s t e m  t o  an  e q u i l i b r i u m  s t a t e
s u c h  t h a t  i n t e g r a l  ( o r  sum) o f  m o t io n  i s  m in im i z e d .
Time n o t  s p e c i f i e d .
5) P u r s u i t :  D r i v e  t h e  s y s t e m  t o  p o i n t  y ( t )  i n  a
minimum t i m e .
The m a jo r  d rawback i s  t h a t  t h e  c o n t r o l ,  u ( t )  i s  u s u a l l y  o n ly  a
f u n c t i o n  o f  t im e  o r  an  open  loop  c o n t r o l  s u c h  a s  t h a t  o b t a i n e d  i n  t h e
p r e v i o u s  c h a p t e r .  Such a c o n t r o l  i s  o f  l i t t l e  u s e  i n  p r o c e s s  c o n t r o l  due 
t o  d e v i a t i o n  o f  a c t u a l  s t a t e  b e h a v i o r  f ro m  t h e  o p t i m a l .  Such d e v i a t i o n  i s ,  
i n  p r a c t i c e ,  a lw a y s  p r e s e n t  due t o  m o d e l i n g  e r r o r s  and unknown d i s t u r b a n c e s ,  
A programmed c o n t r o l  c a n n o t  c o m p en sa te  f o r  a  d e v i a t i o n  f rom  t h e  o p t i m a l  
t r a j e c t o r y .  F o r  t h i s  r e a s o n ,  a f e e d b a c k  o r  c l o s e d  lo o p  c o n t r o l  o f  t h e  
fo rm  ju(x) i s  d e s i r a b l e .  T h i s  t y p e  c o n t r o l  t e n d s  t o  c om pensa te  f o r  t h e s e  
e r r o r s  s i n c e  t h e  c o n t r o l  a c t i o n  i s  b a s e d  on t h e  a c t u a l  v a l u e  o f  t h e  s t a t e .  
O p t im a l  c o n t r o l  t h e o r y  can  l e a d  t o  an  o p t i m a l  f e e d b a c k  c o n t r o l  o n l y  i n  
c e r t a i n  s p e c i a l i z e d  c a s e s .  F o r  e x a m p le :
1) I f  t h e  s y s t e m  e q u a t i o n s  a r e  l i n e a r  a s  i n  e q u a t i o n  I V - 1 
and t h e  p e r f o r m a n c e  i n d e x  i s  o f  t h e  q u a d r a t i c  f o rm .  I n  t h i s  c a s e ,  t h e
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s o - c a l l e d  PdLccati  t r a n s f o r m a t i o n  may be u sed  t o  o b t a i n  a c l o s e d  loop
1 2c o n t r o l  a l g o r i t h m s  T h i s  s u b j e c t  i s  t r e a t e d  by L a p i d u s  and A th a n s  .
2) I f  t h e  d i m e n s i o n a l i t y  o f  t h e  s y s t e m  i s  s m a l l  ( n < 2 ) , 
dynam ic  p rog ram m ing  i s  u s e f u l  i n  o b t a i n i n g  c l o s e d  loop  c o n t r o l s  F o r  a 
g r e a t e r  number o f  s t a t e  v a r i a b l e s ,  com p u te r  s t o r a g e  r e q u i r e m e n t s  become 
e x c e s s i v e .
I t  becomes  o b v io u s  t h a t  f o r  t h e  g e n e r a l  m u l t i d i m e n s i o n a l
n o n l i n e a r  s y s t e m  we must  lo o k  t o  o t h e r  a p p r o x i m a t e  methods  o f  o b t a i n i n g
an  o p t i m a l  o r  n e a r  o p t i m a l  c o n t r o l  a l g o r i t h m s  A pprox im a te  methods  a r e
a v a i l a b l e  f o r  r e m o v in g  t h e  d i m e n s i o n a l i t y  p ro b le m  a s s o c i a t e d  w i t h  dynamic
programm ings  Some o f  t h e s e  c o n s i d e r e d  by L a p i d u s  a r e :  p o l y n o m in a l
a p p r o x i m a t i o n ;  dynamic  p rogramm ing  w i t h  c o n t i n u o u s  i n d e p e n d e n t  v a r i a b l e s ;
a n d ,  c o n f o r m a l  g r i d  u p d a t i n g s
3
B ry s o n  and llo p r e s e n t  a m e thod ,  te rm ed  " p e r t u b a t i o n  f e e d b a c k  
c o n t r o l " ,  t h a t  c o n s i s t s  of  l i n e a r i z i n g  a b o u t  a  p r e c a l c u l a t e d  o p t i m a l  
t r a j e c t o r y  and t r e a t i n g  t h e  d e v i a t i o n s  f rom  t h a t  t r a j e c t o r y  a s  a l i n e a r  
f e e d b a c k  p rob lem s
The m os t  common p r o c e d u r e  i s  t o  l i n e a r i z e  t h e  s y s t e m  e q u a t i o n s  
a b o u t  some n o m in a l  o p e r a t i n g  p o i n t  ( i . e . ,  s t e a d y  s t a t e  c o n d i t i o n s )  and 
a p p l y  l i n e a r  o p t i m a l  c o n t r o l  t h e o r y  t o  t h e  l i n e a r i z e d  s y s t e m .  For  
h i g h l y  n o n l i n e a r  s y s t e m s  o r  s y s t e m s  i n  w h ic h  a nom ina l  o p e r a t i n g  r a n g e  
c a n n o t  be e a s i l y  d e f i n e d ,  t h e s e  methods  may be u n s a t i s f a c t o r y .
I t  s h o u l d  be  n o t e d  t h a t  i n  some c a s e s ,  p a r t i c u l a r l y  i n  p r o c e s s  
c o n t r o l ,  t h e r e  i s  much u n c e r t a i n t y  i n  t h e  d ev e lo p m e n t  o f  a  t r u e  m a t h e m a t i c a l  
m o d e l .  Under  s u c h  c i r c u m s t a n c e s ,  t h e r e  i s  no i n c e n t i v e  t o  d e s i g n  a c o n t r o l
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s t r a t e g y  b a s e d  on a n o n l i n e a r  m o d e l . T h e r e  a r e  c a s e s ,  how eve r ,  when th e  
n o n l i n e a r  model  i s  w e l l  v e r i f i e d , s u c h  as  t e m p e r a t u r e  v a r y i n g  c h e m ic a l  
r e a c t o r s ,  and i t  may be  w o r t h  t h e  e x t r a  e f f o r t  o f  u s i n g  t h e  more e x a c t  
n o n l i n e a r  mode l .
The p u r p o s e  o f  t h e  c h a p t e r  i s  t o  p r e s e n t  a s i m p l e  s t r a i g h t ­
f o r w a r d  p r o c e d u r e  f o r  o b t a i n i n g  a n e a r  o p t i m a l  c l o s e d  lo op  a l g o r i t h m  f o r  
a  n o n l i n e a r  s y s t e m  and compare i t  w i t h  l i n e a r  d e s i g n  v i a  o p t i m a l  c o n t r o l  
t h e o r y .
The p r o p o s e d  method u t i l i z e s  t h e  " t r u e "  n o n l i n e a r  s y s t e m  model 
A m u l t i d i m e n s i o n a l  s e a r c h  t e c h n i q u e  i s  u s e d  t o  d e t e r m i n e  t h e  o p t i m a l  
p a r a m e t e r s  i n  a p r o p o s e d  c o n t r o l l e r  a l g o r i t h m .  Hence ,  t h e  p ro b le m  i s  
r e d u c e d  f rom  a f u n c t i o n a l  t o  a p a r a m e t e r  o p t i m i z a t i o n  p r o b le m .
The " g o o d n e s s "  o f  t h e  r e s u l t i n g  c o n t r o l  w i l l  be l i m i t e d  by 
t h e  fo rm o r  s t r u c t u r e  o f  t h e  a l g o r i t h m  t h a t  i s  c h o s e n .  I t  w i l l  be shown 
t h a t  i t  i s  u s e f u l  t o  d e t e r m i n e  t h e  fo rm  o f  t h e  c o n t r o l  a l g o r i t h m  u s i n g  
t h e  c o r r e s p o n d i n g  l i n e a r  model and o p t i m a l  c o n t r o l  t h e o r y ,  where  p o s s i b l
C o m p u t a t i o n a l  P r o c e d u r e
The p r o c e d u r e  i s  a s  f o l l o w s :
1) P r o p o s e  a c l o s e d  lo op  c o n t r o l  a l g o r i t h m  such  a s :
u  = C ( t )  x  O . . . I V - 2
w h e r e :  u = 1 x  n c o n t r o l  v e c t o r
C ( t )  = n x  n u n d e t e r m i n e d  p a r a m e t e r  m a t r i x  
x = n  x  1 s t a t e  v e c t o r
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F o r  l i n e a r  t i m e  v a r i a t i o n ,  t h e  n x  n e l e m e n t s  o f  C ( t )  wou ld  b e :
G ( t )  = a  -I- b t  oo.o I V - 3nn nn nn
F o r  t h i s  c a s e ,  t h e  2 x  n  x  n p a r a m e t e r s  a and b must  be d e t e r m i n e d  t o  
s p e c i f y  C ( t ) .
2) Assume v a l u e  o f  p a r a m e t e r s  i n  C i n  e q u a t i o n  I V - 2 0 
D r i v e  t h e  s y s t e m  by i n p u t  o f  t y p i c a l  u p s e t ,  su ch  as  i n i t i a l  c o n d i t i o n s ;  
s e t  p o i n t  change  o r  d i s t u r b a n c e s  E v a l u a t e  t h e  c o s t  ( p e r f o r m a n c e  i n d e x ) » 
Use s e a r c h  t e c h n i q u e  t o  improve  t h e  v a l u e  o f  _C.
T h i s  p r o c e d u r e  i s  i l l u s t r a t e d  d i a g r a i n m a t i c a l l y  i n  F i g u r e  I V - 1 
f o r  i n i t i a l  c o n d i t i o n s  d r i v i n g  t h e  s y s t e m .  I f  t h e  a c t u a l  s y s t e m  i s  
u p s e t  i n  t h e  same manner  a s  t h e  model  i s  u p s e t  f o r  t h e  a l g o r i t h m  d e s i g n ,  
t h e  r e s u l t i n g  c o n t r o l  s h o u l d  a p p r o a c h  t h e  o p t i m a l  a s  t h e  number o f  
p a r a m e t e r s  i s  i n c r e a s e d .  I t  s h o u ld  be n o t e d ,  how ever ,  t h a t  when 
u n e x p e c t e d  d i s t u r b a n c e s  e n t e r  t h e  lo op  d e v i a t i o n  f rom t h e  o p t i m a l  i s  
i n c r e a s e d .  H ence ,  th e  way t h e  model  i s  d r i v e n  f o r  d e s i g n  p u r p o s e s  
s h o u l d  depend  on t h e  " t y p i c a l "  e x p e c t e d  o p e r a t i n g  c o n d i t i o n s .
M u l t i d i m e n s i o n a l  Example :  Backmix R e a c t o r
To i l l u s t r a t e  t h e  p r o c e d u r e  d i s c u s s e d  ab o v e ,  a n o n l i n e a r  
c o n t i n u o u s  s t i r r e d  t a n k  r e a c t o r  was c h o s e n .  The s y s t e m  i s  i l l u s t r a t e d  
i n  F i g u r e  IV -2  and i s  s i m i l a r  t o  t h a t  t r e a t e d  by Sm ith  h and  d i s c u s s e d  i n  
C h a p t e r  I I I .
The p r o b l e m  i s  t o  c o n t r o l  t h e  o u t l e t  t e m p e r a t u r e ,  T,  and t h e
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Cos t  E v a l u a t i o n
P =  f ( x , u )
S e a r c h  T e c h n i a u e Ini! iaI C o n d i t i o n s
x  ( t )
-  o
C o n t r o l l e r
u N o n l i n e  a r S y s t e m
----- ( m o d e l  )
u = f  ( c,x,t  } ^ -  1 ( )
t- s a u r e
D E T E R M I N A T I O N  OF CLOSED L O O P  A L G O R I T H M
VIA SEARCH TECHNIQUE
N o t e  : Sol ic! l i n e s  i n d i c a t e  c o n f i n o u s  i n f o r m a t i o n  f l o w .  D o t t e d  l i ne s  







Figure | y «  2  C o n t i n u o u s  St i rred “Tank  Re ac t o r
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o u t l e t  c o n c e n t r a t i o n ,  C^, a t  some d e s i r e d  s e t  p o i n t s ,  T and C^, i n  su ch
The q u a d r a t i c  c o s t  
a n a l y s i s  v i a  R i c c a t i ' s  
o f  t h e  fo rm :
u ( t ) } ’] d t  . . . o I V - 4
x  -  s t a t e  v e c t o r
u -  c o n t r o l  v e c t o r
t  -  i n i t i a l  t im eo
t ^  -  f i n a l  t im e
The c o s t  f u n c t i o n  d e s c r i b e d  by e q u a t i o n  IV -4  i s  v e r y  g e n e r a l ;  F ,  and 
R a r e  c h o s e n  so  a s  t o  p e n a l i z e  t h e  o f f s e t  a t  t ^ ,  d e v i a t i o n  o f  s t a t e  
t r a j e c t o r y  and d e v i a t i o n  o f  c o n t r o l  t r a j e c t o r y  i n  t h e  d e s i r e d  amount.  
T hese  p e n a l t i e s  a r e  s e t  by t h e  s y s t e m  e c o n o m ic s .
The m a n i p u l a t e d  v a r i a b l e s  a r e  t h e  f e e d  r a t e ,  w, and t h e  h e a t  
added  o r  r em oved ,  Q. In  p r a c t i c e  n o t  Q b u t  t h e  f low  r a t e  t h r o u g h  a 
j a c k e t  o r  c o o l i n g  c o i l s  would  be m a n i p u l a t e d .  T h i s  i s  r e l a t e d  t o  Q 
t h r o u g h  an  u n s t e a d y  s t a t e  e n e r g y  b a l a n c e .  F o r  t h i s  p ro b le m ,  how ever ,  i t  
i s  s i m p l i e r  t o  assume Q i s  d i r e c t l y  m a n i p u l a t e d  and t h a t  enough h e a t
a way a s  t o  m i n im i z e  a  s p e c i f i e d  c o s t  f u n c t i o n ,  
f u n c t i o n  i s  c h o s e n  so  t h a t  we may p e r f o r m  . l i n e a r  
t r a n s f o r m a t i o n  f o r  c o m p a r i s o n  p u rp o s e s , .  T h i s  i s
J  -  - | { x ( t f ) ,  F x ( t f )}  + |  J  f
t oc
[ f e C O ,  S ( t ) >  x C O ]  * L h ( t ) ,  R ( t ) ,
w here  : F - - a  p o s i t i v e  s e m i d e f  i n i t e  m a t r i x
_Q(t) -  a  p o s i t i v e  s e m i d e f i n i t e  m a t r i x  
R ( t )  -- a  p o s i t i v e  s e m i d e f i n i t e  m a t r i x
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t r a n s f e r  i s  a v a i l a b l e  so  t h a t  s a t u r a t i o n  does  n o t  o c c u r .  I f  R i s  c h o s e n  
r e l a t i v e l y  l a r g e ,  t h i s  w i l l  a s s u r e  t h a t  t o o  g r e a t  a c o n t r o l  e f f o r t  w i l l  
n o t  be u s e d .
a t u r e  and c o n c e n t r a t i o n .  T h i s  i s  t h e  s t a t e  r e g u l a t o r  p ro b le m  o f  A th an s  and 
2
and F a l b  and p h y s i c a l l y  may be i n t e r p r e t e d  a s  a " s t a r t - u p "  p ro b le m .  T h i s  
t y p e  p ro b le m  i s  c o n s i d e r e d  f o r  s i m p l i c i t y ;  how ever ,  t h e  t e c h n i q u e  may be 
u sed  f o r  t h e  moi'e g e n e r a l  s e t  p o i n t  o r  d i s t u r b a n c e  p r o b le m ,  The d i s t u r b a n c e  
p r o b l e m  i s  t r e a t e d  by Johnson"*.
The r a t e  c o n s t a n t ,  k ,  may be e x p r e s s e d  a s  a f u n c t i o n  o f  t e m p e r a t u r e  u s i n g  
t h e  A r r h e n i u s  e x p r e s s i o n :
The s y s t e m  i s  d r i v e n  by t h e  i n i t i a l  c o n d i t i o n s  g i v e n  f o r  t e m p e r -
A second  o r d e r  i r r e v e r s i b l e  r e a c t i o n  of  t h e  form
2A -* B . . . . IV -5
i s  a s sum ed .  The r a t e  o f  r e a c t i o n  i s  e x p r e s s e d  by :
dCARate  ~ d t . . . , IV - 6
k = k Q e x p ( - a / T )  IV- 7
S u b s t i t u t i o n  o f  e q u a t i o n  I V - 7 i n t o  e q u a t i o n  IV-6  y i e l d s :
2
R a t e  -  k Q e x p ( - a / T ) C ^ . . . . I V - 8
N o te  f rom  e q u a t i o n  IV-8  t h a t  t h e  r a t e  o f  r e a c t i o n  i s  n o n l i n e a r  w i t h
r e s p e c t  t o  t e m p e r a t u r e ,  T,  and c o n c e n t r a t i o n  i n  t a n k ,  C^. The d e g r e e  o f  
n o n l i n e a r i t y  w i t h  r e s p e c t  t o  T d ep en d s  on t h e  s i z e  o f  a ,  w h ic h  i s  a 
f u n c t i o n  o f  t h e  p a r t i c u l a r  r e a c t i o n .
U n s t e a d y  s t a t e  m a t e r i a l  and e n e r g y  b a l a n c e s  on t h e  r e a c t o r
y i e l d :
? d<3
vp (CA f - V  " kCA ^ “  • " • I V- 9
(T -T) •!- ~ . . . . I V - 1 0vp f  vpCp pCp d t
L i n e a r  A n a l y s i_s
The u s u a l  p r o c e d u r e  f o r  su ch  a p r o b le m  i s  t o  l i n e a r i z e  t h e
s y s t e m  e q u a t i o n s  I V - 9 and IV-10  t h e n  s o l v e  b y  a p p l i c a t i o n  o f  t h e  minimum
p r i n c i p l e .  T h i s  w i l l  be c a r r i e d  o u t  f o r  c o m p a r i s o n  p u r p o s e s .
L i n e a r i z a t i o n  o f  e q u a t i o n s  I V - 9 and IV-10  a b o u t  s t e a d y  s t a t e  or
s e t - p o i n t  c o n d i t i o n s  y i e l d s :
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A A A
CA and T, Q, w a r e  d e f i n e d  a s  v a r i a t i o n s  a b o u t  t h e  s t e a d y  s t a t e  v a l u e s ,
C and T,  Q, w. w and  k  a r e  o b t a i n e d  f rom  t h e  s t e a d y  s t a t e  v e r s i o n s  o f  
A
e q u a t i o n s  IV-11 and IV -12 .  E q u a t i o n s  IV-8  and IV -9  may be p u t  i n t o  























0 A f  A
/ N
wvp . . . . I V - 13
D e f i n i n g  T and a s  o u r  s t a t e  v a r i a b l e s  and Q and w a s  m a n i p u l a t e d  
v a r i a b l e s ,  we may w r i t e  e q u a t i o n  IV-13 a s :
X = A X + B u •  e O (i I V - 14
F o r  t h e  l i n e a r  s y s t e m  d e f i n e d  by e q u a t i o n  I V - 14 and t h e  q u a d r a t i c  
p e r f o r m a n c e  i n d e x  d e f i n e d  by e q u a t i o n  I V - 4 , o p t i m a l  c o n t r o l  t h e o r y  t e l l s  
t h a t  t h e  o p t i m a l  c o n t r o l  i s  g i v e n  by :
u ( t )  -  -R_ 1 ( t )  BT ( t )  K ( t )  x ( t ) •  o o  o IV-15
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K ( t )  i s  t h e  p o s i t i v e  d e f i n i t e  s y m m e t r i c  m a t r i x  t h a t  i s  t h e  s o l u t i o n  o f  
t h e  m a t r i x  R i c c a t i  e q u a t i o n :
K ( t )  = - K ( t )  A ( t )  - AT ( t )  K ( t )  -1- K ( t )  B ( t )  R"1 ( t )  BT( t )  K ( t )  - £ ( t )
 I V - 16
The b o u n d a ry  c o n d i t i o n  f o r  e q u a t i o n  I V - 16 i s :
K ( t f ) = F o o . . I V - 17
F o r  t ^  a p p r o a c h i n g  i n f i n i t y  and c o n s t a n t  c o e f f i c i e n t s  i n  A and B, 
e q u a t i o n  I V - 16 r e d u c e s  t o  a s e t  o f  a l g e b r a i c  e q u a t i o n s :
0 = -K A - A1 K •!- K B R l  BT K - 0 . . . . I V - 1 8
The s o l u t i o n  o f  e q u a t i o n  IV -18  y i e l d s  K v/hicli  may be  s u b s t i t u t e d  i n t o  
e q u a t i o n  IV-15  t o  y i e l d  t h e  c l o s e d  lo o p  a l g o r i t h m .  F o r  t h i s  e x a m p le ,  l e t ;
F
0 0 
0 0 . .  o . IV -1 9
R =
.01  0 
0 IcO . . o o IV -20
1 . 0  10 
10 400 . o . I V - 21
The f o l l o w i n g  r e a c t o r  p a r a m e t e r s  were  c h o s e n :
v  = 1 3 .3 8  f t 3
p = 55 l b / f t 3
C -  1 . 0  B t u / l b  °F
P
AH = - 1 2 , 0 0 0  Btu
a -  1 4 ,0 0 0  °R
k = 8 . 3 3  x 103 f t 3 / l b  mole raino
T = 100°F
X 1
0o4 l b  m o l e s / f t 3 
I  = 200°F
C = 0 . 2  l b  m o l e s / f t 3
S o l u t i o n  o f  t h e  s t e a d y  s t a t e  v e r s i o n  of  e q u a t i o n  I V - 13 y i e l d s  s t e a d y  
s t a t e  f lo w  r a t e ,  r a t e  c o n s t a n t  and h e a t  d u t y  a s :
—  3
k = 0 . 5 1  f t  / l b  mole win
w = 7 5 . 2  l b / m i n
Q = 4238 B tu / m in
U s in g  t h e  above  p a r a m e t e r s  o u r  s y s t e m  e q u a t i o n  I V - 13 o r  I V - 14 becomes
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S o l u t i o n  o f  e q u a t i o n  IV -18  y i e l d s :




The o p t i m a l  c l o s e d  loop  a l g o r i t h m  e q u a t i o n  I V - 15 becomes.
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. I V - 23
Now we may a p p l y  ou r  o p t i m a l  c o n t r o l l e r , e q u a t i o n  I V - 2 3 , f o r  
t h e  l i n e a r i z e d  s y s t e m , e q u a t i o n  I V - 2 2 , t o  ou r  o r i g i n a l  n o n l i n e a r  s y s t e m ,  
e q u a t i o n s  I V - 9 and IV -1 0 .  H o p e f u l l y , a  " n e a r  o p t i m a l "  c o n t r o l  w i l l  r e s u l t ,
C o n t r o l l c r  D e t e r m i n a t i o n  V ia  S e a r c h  T e c h n iq u e
An a p p r o x i m a t e  o p t i m a l  c o n t r o l  f o r  t h e  n o n l i n e a r  s y s t e m  
d e f i n e d  by e q u a t i o n s  I V - 9 and IV -10  w i l l  be o b t a i n e d  a s  f o l l o w s :
1) P r o p o s e  a c o n t r o l l e r  s i m i l a r  t o  t h a t  o b t a i n e d  by 
l i n e a r i z a t i o n .  F o r  ex a m p le :
C11 °12 X1
U2 C21 C22 X2
- _ - -  IV -24
w here  C c o n s i s t s  o f  u n d e t e r m i n e d  p a r a m e t e r s .
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2) F o r  a g i v e n  t y p i c a l  s e t  o f  i n i t i a l  c o n d i t i o n s ,  
g e n e r a t e  t h e  s y s t e m  r e s p o n s e  u s i n g  t h e  n o n l i n e a r  s y s t e m  e q u a t i o n s  and 
t r i a l  o r  f i r s t  g u e s s  v a l u e s  of  t h e  e l e m e n t s  i n  C .  E v a l u a t e  t h e  c o s t  
f r o m  e q u a t i o n  IV-4«
3) Vary  t h e  p a r a m e t e r s  o f  C u s i n g  a s e a r c h  t e c h n i q u e  t o  
im prove  v a l u e  of  c o s t .  C o n t i n u e  u n t i l  no im provement may be found  i n  t h e  
c o s t  o
The p r o c e d u r e  o u t l i n e d  above  i s - v e r y  s t r a i g h t f o r w a r d  and i s  
e a s i l y  im p lem en ted  on t h e  d i g i t a l  c o m p u te r .  Core s t o r a g e  i s  s m a l l ;  
h o w e v e r ,  r u n  t im e  i s  g e n e r a l l y  r e l a t i v e l y  lo n g  (5 t o  10 min on t h e  
XDS Sigma 5) d e p e n d i n g  upon t h e  method o f  i n t e g r a t i o n  o f  s y s t e m  e q u a t i o n s ,  
t h e  number o f  p a r a m e t e r s  t o  be d e t e r m i n e d  and c l o s e n e s s  o f  i n i t i a l  
p a r a m e t e r  g u e s s „ The F o r t r a n  p rog ram s  used  i n  t h i s  s t u d y  a r e  found  i n  
A p p en d ix  C.
Co m p a r i s o n  o f  R e s u l t s :  S e a r c h  v s .  L i n e a r i z a t i o n
V a r i o u s  i n i t i a l  c o n d i t i o n s  on T and C w ere  u sed  t o  d r i v e  t h e  
s y s t e m  t o  t h e  d e s i r e d  s t e a d y  s t a t e  (T = 200,  C = 0 . 2 ) .  The f e e d  
t e m p e r a t u r e  and c o n c e n t r a t i o n  were  a d j u s t e d  t o  c o i n c i d e  w i t h  t h e  i n t i a l  
c o n d i t i o n s  i n  t h e  r e a c t o r  so  a s  t o  be r e a l i s t i c  ( s i m u l a t e  a " t r u e "  
r e a c t o r  s t a r t - u p ) „ The q u a d r a t i c  c o s t  i n d e x  d e f i n e d  by e q u a t i o n s  I V - 4 ,
I V - 19, I V - 20 and I V - 21 was e v a l u a t e d  u s i n g  t h e  c o n t r o l l e r  o b t a i n e d  v i a  
l i n e a r i z a t i o n  f o l l o w e d  by s o l u t i o n  of  t h e  R i c c a t i  e q u a t i o n  IV -18  and 
a l s o  u s i n g  t h e  " o p t i m a l "  c o n t r o l l e r  o b t a i n e d  by t h e  P a t t e r n  S e a r c h ^
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t e c h n i q u e .  C om par ison  o f  th e  c o s t  o b t a i n e d  f o r  t h e  two d e s i g n  t e c h n i q u e s
i s  shown i n  T a b l e  IV-1 f o r  t h e  v a r i o u s  i n i t i a l  c o n d i t i o n s .  Note  t h a t  i n
e v e r y  c a s e  t h e  s e a r c h  t e c h n i q u e  g i v e s  a  " b e t t e r "  c o n t r o l  o r  lo w e r  c o s t .
T h i s  must  a lw a y s  be t r u e  s i n c e  f o r  t h e  t r u e  l i n e a r  c a s e  a s e a r c h  t e c h n i q u e
s h o u l d  g i v e  t h e  same p a r a m e t e r s  a s  t h e  R i c c a t i  s o l u t i o n .  T h i s  h a s  been
7
v e r i f i e d  by M i l l e r  . Note  a l s o  t h a t  t h e  r e l a t i v e  a d v a n t a g e  i n  g o in g  t o  
t h e  s e a r c h  p r o c e d u r e  i s  a f u n c t i o n  o f  t h e  s t a r t i n g  p o i n t  o r  how f a r  we 
s t a r t  f rom  t h e  p o i n t  o f  l i n e a r i z a t i o n , ,
F i g u r e  I V - 3 i l l u s t r a t e s  t h e  % im provem ent  ( o f  s e a r c h  p r o c e d u r e )  
o v e r  l i n e a r i z a t i o n  d i a g r a m m a t i c a l l y  f o r  t h e  d i f f e r e n t  i n t i a l  s t a t e s .  I t  
i s  i n t e r e s t i n g  t o  n o t e  t h a t  t h e  % improvement ( o r  c o n v e r s e l y  t h e  p e n a l t y  
o b t a i n e d  due t o  l i n e a r  a n a l y s i s )  c a n n o t  be p r e d i c t e d  s im p l y  f rom th e  
d i s t a n c e  t h e  s y s t e m  s t a t e  i s  d r i v e n  f rom th e  p o i n t  o f  l i n e a r i z a t i o n .
T h i s  i s  o b v i o u s  f rom c o n s i d e r i n g  t h e  c o r r e s p o n d i n g  p o i n t s  i n  t h e  l e f t  
and r i g h t  hand q u a d r a n t  o f  F i g u r e  IV -3 .  Each  c o r r e s p o n d i n g  p o i n t  i s  t h e  
same " d i s t a n c e "  f rom t h e  o r i g i n  ( s t e a d y  s t a t e )  ; how ever ,  f o r  t h e  p o i n t s  
i n  t h e  r i g h t  hand q u a d r a n t  t h e r e  i s  g r e a t e r  i n c e n t i v e  t o  d e p a r t  f rom 
l i n e a r  a n a l y s i s  and o p t i m a l  c o n t r o l  t h e o r y .  T h i s  i s  a good i l l u s t r a t i o n  
o f  t h e  d ep en d e n ce  o f  r e s p o n s e  c h a r a c t e r i s t i c s  o f  n o n l i n e a r  s y s t e m s  on 
i n i t i a l  c o n d i t i o n s .  O f t e n  l i n e a r i z a t i o n  o f  n o n l i n e a r  s y s t e m s  ( f o r  
a n a l y s i s  and d e s i g n  p u r p o s e s )  i s  j u s t i f i e d  by t h e  f a c t  t h a t  t h e  c o n t r o l  
s y s t e m  w i l l  u s u a l l y  o p e r a t e  " n e a r "  i t s  d e s i r e d  s t e a d y  s t a t e  v a l u e .
F i g u r e  IV-3  i l l u s t r a t e s  t h a t  t h i s  j u s t i f i c a t i o n  may be r i s k y  i n  c e r t a i n  
c a s e s .
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T a b l e  I V - 1 
Q u a d r a t i c  Cost: Com p a r l s o n "
I n i t i a l
C o n d i t i o n s  C os t
T C L i n e a r i z a t i o n S e a r c h
100 0 . 3 1 0 ,7 4 6 9 ,7 3 5
150 0 . 3 2 ,0 8 3 2 ,0 3 0
250 0 . 3 4 ,4 0 9 4 , 1 1 2
300 0 . 3 15 ,9 2 1 1 3 ,8 2 2
100 0 . 4 1 6 ,4 0 1 13 ,1 0 9
150 0 . 4 1 ,8 1 2 1 ,741
250 0 . 4 1 9 , 2 2 4 1 3 ,679
300 0 . 4 5 0 ,7 0 0 3 5 ,6 2 2
Sys tem d r i v e n  t o :  T = 200
C -  0 o 2
% A dvan tage  























T e m p e ra t u re
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Figure IV-3
P e r c e n t  A d v an tag e  o f  S e a r c h  T e c h n iq u e  o v e r  L i n e a r i z a t i o n
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F o r  o u r  p a r t i c u l a r  c a s e ,  a  c l o s e r  l o o k  a t  t h e  n o n l i n e a r  and 
c o r r e s p o n d i n g  l i n e a r i s e d  e q u a t i o n s  w i l l  i l l u s t r a t e  t h i s  p o i n t . C o n s id e r  
t h e  homogeneous  v e r s i o n  o f  e q u a t i o n s  I V - 9 t h r o u g h  IV -1 2 :
dC -k
?r = 775 ca - ca ••’•IV-25
It c 2
«  - ®  ° A T . . . . I V - 2 6d t  pC a / T  vp h p e r
^  ?
dC. “   A kaC" a
= _ 2C .k)  C. - (— ~ )  T . . . . I V - 27
d t  V p  A A f 2
,1  2 Alike" -  AllkC?a
= (■— — -)C r -  2 -  + (— 7 A-)- f i . . . . I V - 28
d t  pC A-  vp ” 2p K 1
Note  t h a t  i n  e q u a t i o n s  IV-25 and IV -2 6 ,  — TP-,' and •—707 may bea / i  n 0 a / 1e f p e 2
c o n s i d e r e d  a s  v a r i a b l e ,  c o e f f i c i e n t s  o f  t h e  n o n l i n e a r  te rra C. . At t h eA
2
l a r g e r  a v e r a g e  v a l u e s  o f  T,  t h i s  c o e f f i c i e n t  i s  l a r g e ;  h e n c e ,  th e  
t e r r a  i s  a m p l i f i e d  and t h e  e f f e c t  o f  d e p a r t u r e  f rom l i n e a r i t y  becomes more 
p r o n o u n c e d .  T h i s  e x p l a i n s  t h e  g r e a t e r  p e n a l t y  f o r  l i n e a r i z a t i o n  i n  t h e  
r i g h t  q u a d r a n t  o f  F i g u r e  IV -3 .
O p t i m a l i t y  o f  A l g o r i thm
I t  s h o u l d  be  r e - e m p h a s i z e d  t h a t  t h e  r e s u l t s  o f  such  a  p a r a m e t e r  
s e a r c h  y i e l d  a n  a p p r o x i m a t e  o r  n e a r  o p t i m a l  c o n t r o l .  F o r  t h e  " t r u e "  
l i n e a r  s y s t e m  we c a n  be  a s s u r e d  t h a t  t h e  t h e o r y  w i l l  y i e l d  t h e  b e s t  o r  
o p t i m a l  c o n t r o l .  V ery  few s y s t e m s  ( p a r t i c u l a r l y  t h o s e  e n c o u n t e r e d  i n
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p r o c e s s  c o n t r o l )  a r e  t r u l y  l i n e a r . Most  a r e  a c t u a l l y  d i s t r i b u t e d ,  
n o n l i n e a r  and  n o t  c o m p l e t e l y  d e t e r m i n i s t i c .
O b v i o u s l y  t h e  r e s u l t s  o f  a  p a r a m e t e r  s e a r c h  f o r  t h e  n o n l i n e a r  
s y s t e m  a r e  g o i n g  t o  depend upon t h e  way t h e  s y s t e m  i s  f o r c e d  ( i n i t i a l  
c o n d i t i o n s  i n  t h i s  e x a m p l e ) . I f  t h e  i n i t i a l  c o n d i t i o n s  a r e  known 
p r e c i s e l y ,  o p t i m a l  c o n t r o l  t h e o r y  w i l l  l e a d  d i r e c t l y  t o  t h e  o p t i m a l  
c o n t r o l  ju( t ) and th e  s t a t e  t r a j e c t o r y  x ( t ) ,  p r o v i d e d  we can  s o l v e  t h e  
f o r m i d a b l e  two p o i n t  b o u n d a ry  v a l u e  p r o b le m .  Hence ,  i f  no u p s e t s  o c c u r  
we e s s e n t i a l l y  have  a c l o s e d  loop  o p t i m a l  c o n t r o l .
I n  g e n e r a l ,  t h e  i n i t i a l  c o n d i t i o n s  o r  f o r c i n g  f u n c t i o n s  a r e  
n o t  known b e f o r e  h a n d .  However,  an  e s t i m a t e  b a s e d  on " e n g i n e e r i n g  
ju d g e m e n t "  i s  u s u a l l y  a v a i l a b l e .  R e s u l t s  o f  t h i s  s t u d y  i n d i c a t e  t h a t  a 
p a r a m e t e r  s e a r c h  b a s e d  on an  e s t i m a t e d  s e t  o f  i n i t i a l  c o n d i t i o n s  can  
g i v e  b e t t e r  r e s u l t s  t h a n  t h e  l i n e a r i z a t i o n  t e c h n i q u e .  T a b l e  IV-2 
i l l u s t r a t e s  t h i s  p o i n t .  C o n t r o l l e r s  d e s i g n e d  v i a  p a r a m e t e r  s e a r c h  a t  
t h r e e  d i f f e r e n t  i n i t i a l  p o i n t s  w e re  a p p l i e d  t o  t h e  o t h e r  s ev en  i n i t i a l  
p o i n t s .  I t  i s  n o t e d  t h a t  i n  most  c a s e s  t h e  p e r f o r m a n c e  i s  b e t t e r  t h a n  
w i t h  t h e  o p t i m a l  c o n t r o l l e r  o b t a i n e d  f ro m  l i n e a r i z a t i o n .  Note  t h a t  i n  
e v e r y  c a s e  w he re  t h e  i n i t i a l  c o n d i t i o n s  a r e  i n  t h e  same q u a d r a n t  o f  
F i g u r e  IV -2  a s  t h e  b a s i s  f o r  t h e  s e a r c h  b e t t e r  r e s u l t s  a r e  o b t a i n e d .
T h i s  i n d i c a t e s  t h a t  t h e  t e c h n i q u e  i s  s t i l l  o f  v a l u e  even  i f  t h e  
e x a c t  f o r c i n g  f u n c t i o n  i s  n o t  known b e f o r e  h a n d ,  w h ic h  i s  o f  c o u r s e  t h e  
g e n e r a l  c a s e .  F o r  e x a m p le ,  i f  i t  i s  d e s i r e d  t o  d e s i g n  a c o n t r o l l e r  t o  
s t a r t  up a  c h e m ic a l  r e a c t o r  ( o p t i m a l l y )  one m i g h t  d e f i n e  a t y p i c a l  s t a r t  
up o r  i n i t i a l  c o n d i t i o n  a s  a b a s i s  f o r  t h e  s e a r c h .  T h i s  p r o c e d u r e  s h o u ld
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T able IV -2
C o s t  Comparison,  f o r  C o n t r o l l e r  D e s ig n  Based on 
D i f f e r e n t  I n i t i a l  C o n d i t i o n s
I n i t i a l
C o n d i t i o n s  D e s ig n  B a s i s  ( I n i t i a l  C o n d i t i ons)__  l i n e a r i s a t i o n
T -  150 T -  250 T = 300
T C C 0 . 4 C = 0 . 3 C -  0 . 3
100 0 . 3 9 ,7 6 3 10 ,6 2 1 1 3 ,2 4 6 1 0 , 7 4 6
150 0 . 3 2 ,0 3 0 3 ,2 7 5 2 ,2 1 5 2 ,0 8 3
2.50 0 , 3 4 ,4 4 7 4 ,1 1 2 4 , 1 7 8 • 4 , 4 0 9
300 0 . 3 15 ,232 13 ,875 1 3 ,822 1 5 ,6 2 1
100 0 . 4 1 3 ,266 1 5 ,3 3 3 23 ,434 1 6 ,4 0 1
150 0 .4 1 ,779 2 ,1 2 2 5 ,4 7 9 1 ,8 1 2
250 0 . 4 1 5 ,7 0 8 13 ,789 14 ,464 1 9 ,2 2 4
300 0 . 4 4 4 ,0 7 3 3 6 ,6 0 1 3 6 ,1 8 0 5 0 ,7 0 0
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g i v e  b e t t e r  r e s u l t s  t h a n  l i n e a r i z a t i o n  ( a b o u t  t h e  same t y p i c a l  i n i t i a l  
c o n d i t i o n s )  p a r t i c u l a r l y  i f  s t a r t  up c o v e r s  a l a r g e  r e g i o n  o f  s t a t e  
s p a c e  and i f  t h e  r e a c t o r  i s  h i g h l y  n o n l i n e a r o
O t h e r  Forms o f  C o n t r o l  A l g o r i t h m
I t  s h o u ld  be m e n t io n e d  t h a t  when d e s i g n i n g  a  c o n t r o l  a l g o r i t h m  
v i a  p a r a m e t e r  s e a r c h ,  we a r e  i n  no way l i m i t e d  t o  a p a r t i c u l a r  fo rm  of  
c o n t r o l  e q u a t i o n .  C o n t r o l l e r s  o t h e r  t h a n  t h a t  i n  e q u a t i o n  IV-22  w ere  
c o n s i d e r e d , ,  Two of  t h e s e  a r e :
U1 C1 C2 C3 C4
U2 S C6 C7 C8
X.1 1 1
X2
x„ Ix2 1 2
. . . . IV -2 9
U1
N
C1 C2 C3 C4
u2_ _ C5 C6 C7 C8 .
X2 
_ X2 -
. . . . I V - 30
The r a t h e r  s u r p r i s i n g  r e s u l t s  a r e  t h a t  no c o n t r o l l e r  gave b e t t e r  
p e r f o r m a n c e  t h a n  e q u a t i o n  IV -22 ,  t h a t  fo rm  p r e d i c t e d  f o r  t h e  l i n e a r i z e d
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v e r s i o n  o f  o u r  n o n l i n e a r  s y s t e m .  A l t h o u g h  t h i s  i s  n o t  a lw ays  t h e  c a s e ,  
i t  g i v e s  us a good s t a r t i n g  p o i n t  and we can  be a s s u r e d  o f  coming up 
w i t h  a t  l e a s t  a s  c l o s e  t o  t h e  t r u e  o p t i m a l  a s  w i t h  l i n e a r  o p t i m a l  c o n t r o l  
t h e o r y 0
Time V a r y in g  C lo s e d  Loop C o n t r o l
O f t e n  t h e  o p t i m a l  c l o s e d  lo o p  c o n t r o l  a l g o r i t h m  f o r  l i n e a r  
s y s t e m s  i s  t im e  v a r y i n g  o f  t h e  fo rm:
u ( x , t )  = C ( t )  x ( t )  . . IV -31
I t  i s  l o g i c a l  t o  c o n s i d e r  s uch  a l g o r i t h m s  f o r  o p t i m a l  c o n t r o l  f o r  
n o n l i n e a r  s y s t e m s .  T h i s  t y p i c a l  a l g o r i t h m  p r o v i d e s  no p ro b le m  f o r  o u r  
p a r a m e t e r  s e a r c h  p r o c e d u r e  e x c e p t  t h a t  c o m p u t a t i o n  t im e  i s  i n c r e a s e d  a s  
t h e  number o f  p a r a m e t e r s  a r e  i n c r e a s e d .  The s e a r c h  p r o c e d u r e  i s  used  
i n  t h e  same manner  a s  i n  t h e  p r e v i o u s  t im e  i n v a r i a n t  p r o b l e m s .  The o n ly  
m o d i f i c a t i o n  i s  t h a t  C i s  an unknown f u n c t i o n  o f  t i m e .  A p o l y n o m in a l  
a p p r o x i m a t i o n  f o r  C i s  made o f  t h e  form:
2
C ( t )  = a^  -i- b ^ t  -I- c ^ t  + . . . . .  . . . . I V - 3 2
w h e re :  t  ^  t  < t , .o f
The unknown c o n s t a n t s  a r e  now d e t e r m i n e d  by s e a r c h  t e c h n i q u e .  T h i s  
p r o c e d u r e  w i l l  be i l l u s t r a t e d  by a s i m p l e  exam ple .
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C o n s i d e r  t h e  n o n l i n e a r  s y s t e m  d e f i n e d  by:
~  -  - ~  x2 (t)  + u( t) o. = . I V - 33
w h e r e : x ( t )  -  s t a t e  v a r i a b l e
u ( t )  -  c o n t r o l  v a r i a b l e
The p ro b le m  i s  t o  f i n d  a c l o s e d  lo o p  c o n t r o l  a l g o r i t h m  
u = / ( x , t )  t h a t  w i l l  m in im iz e  t h e  q u a d r a t i c  p e r f o r m a n c e  in d e x :
t
J  -  200 J f [ x 2 ( t )  -I- pu2 ( t ) ] d t  . . . . I V - 3 4
t o
A g a in  f o r  c o m p a r i s o n  we w i l l  l i n e a r i z e  e q u a t i o n  I V - 33 a b o u t  
a g i v e n  s t e a d y  s t a t e  p o i n t  and s o l v e  u s i n g  t h e  R i c c a t i  e q u a t i o n -  
L i n e a r i z i n g  e q u a t i o n  e q u a t i o n  IV -34  a b o u t  t h e  p o i n t  x 1,  y i e l d s :
~  = - x(t)  + Get) . . . . I V - 35d t
w here  x  d e n o t e s  v a r i a t i o n  f rom t h e  s t e a d y  s t a t e  p o i n t .
The R i c c a t i  e q u a t i o n  r e d u c e s  t o  t h e  f i r s t  o r d e r  d i f f e r e n t i a l
e q u a t i o n :
- 2 K ( t )  -  “  K ( t ) 2 + 2 - 0  . . . . I V - 3 6d t  2p
The s o l u t i o n  o f  e q u a t i o n  IV -36  i s :
K ( t )  -  -r-------- 7 T T T ~ 7 1 ------TT . . . . I V - 37 ̂ '  1+a c o t h  [ a ( t f - t ) j
From e q u a t i o n  I V - 15, u ( t )  becomes:
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2p^l+o'  c o t h  [ « ( t f - t ) ] ^ x ( t )
. . . . I V - 38
w h e r e : a = / 1  + n” 1
E q u a t i o n  IV-38  i s  o u r  o p t i m a l  c l o s e d  lo o p  t i m e  v a r y i n g  
a l g o r i t h m  f o r  t h e  l i n e a r  s y s t e m  d e f i n e d  by  e q u a t i o n  I V - 35.
R e t u r n i n g  a t t e n t i o n  t o  o u r  o r i g i n a l  n o n l i n e a r  s y s t e m  e q u a t i o n
I V - 33,  we w i l l  p r o p o s e  a s e r i e s  o f  c l o s e d  loop  a l g o r i t h m s  and use  s e a r c h  
t e c h n i q u e s  ( p a t t e r n  and g o l d e n  s e c t i o n )  t o  d e t e r m i n e  t h e  p a r a m e t e r s  i n  
e a c h .  C o s t  e v a l u a t i o n  w i l l  a l s o  be made a p p l y i n g  t h e  o p t i m a l  c o n t r o l l e r  
f o r  t h e  l i n e a r i z e d  s y s t e m , e q u a t i o n  I V - 3 8 , t o  t h e  n o n l i n e a r  sy s t e m .
S ys tem  p a r a m e t e r s  a r e  c h o s e n  a s :
p -  C l *  2
t ,  = 2 . 0r
x  - 1 . 0
x ( t Q) = 2 ,  3 ,  4 ,  5
The p r o p o s e d  c o n t r o l  a l g o r i t l i m s  a r e :
u = a^ x ( t )  
u = [ax + b j t X t )
2 3u = [a^ + b^t + c^t + d^t ]
. . . . IV -39  
. . . . IV -4 0  
. . . . I V - 4 1
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D e t e r m i n a t i o n  o f  th e  p a r a m e t e r s  f o r  i n i t i a l  c o n d i t i o n s ,  
x ( t Q) = 2 ,  y i e l d s  t h e  f o l l o w i n g :
u ( t )  = - 0 .  921 x ( t ) o c . I V - 4 2
u ( t )  = [ - . 8 8 5  - . 1 6 t ] x ( t )  . o o . I V - 43
u ( t )  = [ - 1 . 0 3  + 1 o 5 6 t  - 3 . 4 7 t 2 -l- 1 . 4 2 t 3 ] x ( t )  . . . . I V - 4 4
The c o n s t a n t  i n  e q u a t i o n  I V - 42 was d e t e r m i n e d  u s i n g  a g o ld e n  s e c t i o n  
s e a r c h  r o u t i n e  and t h e  c o n s t a n t s  i n  e q u a t i o n s  I V - 43 and IV -44  w ere  
d e t e r m i n e d  u s i n g  p a t t e r n  s e a r c h .  T a b l e  I V - 3 i l l u s t r a t e s  th e  r e s u l t i n g  
c o s t s  u s i n g  th e  v a r i o u s  c o n t r o l  a l g o r i t h m s  a t  d i f f e r e n t  i n i t i a l  
c o n d i t i o n s .
I t  i s  i n t e r e s t i n g  t o  n o t e  i n  T a b l e  I V - 3 t h a t  e v e n  a l i n e a r  
t im e  v a r i a t i o n  g i v e s  a much b e t t e r  c o n t r o l  ( l o w e r  c o s t )  t h a n  d o e s  t h e  
c o n s t a n t  g a i n .  A ls o  t h e r e  i s  v e r y  l i t t l e  i n c e n t i v e  i n  t h i s  p r o b le m  t o  go 
t o  n o n l i n e a r  t im e  v a r i a t i o n s .  T h es e  o b s e r v a t i o n s  a r e  s i g n i f i c a n t  i n  
t h a t  we can  add a l i n e a r  t i m e  v a r i a t i o n  i n  our  g a i n s  a t  t h e  c o s t  o f  o n l y  
one a d d i t i o n a l  p a r a m e t e r  t o  be o b t a i n e d  v i a  s e a r c h  t e c h n i q u e  f o r  e a c h  
g a i n .  I t  i s  a l s o  o b s e r v e d  a s  i n  t h e  p r e v i o u s  ex a m p le ,  t h a t  t h e  f a r t h e r  
we- g e t  f ro m  o u r  p o i n t  o f  l i n e a r i z a t i o n ,  t h e  p o o r e r  t h e  r e s u l t i n g  c o n t r o l  
f ro m  o p t i m a l  c o n t r o l  t h e o r y .  N o t i c e  a g a i n  t h a t  t h e  power  o f  l i n e a r  
o p t i m a l  c o n t r o l  t h e o r y  i s  s t i l l  u sed  i n  t h a t  t h e  t h e o r y  t e l l s  us t h e  
o p t i m a l  c o n t r o l  f o r  t h e  c o r r e s p o n d i n g  l i n e a r i z e d  s y s t e m  i s  p r o p o r t i o n a l  
and  t i m e  v a r y i n g .  T h i s  p r o v i d e s  a s t a r t i n g  p o i n t  f o r  t h e  p a r a m e t e r
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T ab le  IV -3
C o s t  C om par i son  f o r V a r i o u s  C o n t r o l A l g o r i t h m s
I n i t i a l
C o n d i t i o n s u l ( t ) u 2 ( t ) “ u 3 ( t ) - v u 4 ( t ) ' r
2 8 0 c 5 1 5 6 .9 77 c  38 7 7 . 1 4
3 167 324 c 8 1 5 9 .58 1 5 9 .5 8
4 275 5 3 2 .2 2 6 0 . 6 2 6 0 . 5
5 399 7 6 8 . 0 3 7 4 . 4 3 7 4 .1
u 1 Ct ) - {p + c o t h  5
u 2 ( t )  = a ^ x C t ) ; 
u 3 ( t )  = [ a ^  + b ^ t ] x ( t ) ;
2 3~u 4 ( t )  -  [ a ^  + b ^ t  + c ^ t  -I- d ^ t  J x ( t ) .
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s e a r c h .
C o n c l u s i o n s
The f o l l o w i n g  c o n c l u s i o n s  may be drawn f ro m  t h e  p r e c e d i n g
e x a m p l e s :
1) I f  com pute r  t im e  i s  a v a i l a b l e ,  a p a r a m e t e r  s e a r c h  to  
d e t e r m i n e  an  a p p r o x i m a t e  c o n t r o l  a l g o r i t h m  f o r  a n o n l i n e a r  s y s t e m  s h o u ld  
g i v e  b e t t e r  r e s u l t s  t h a n  c o r r e s p o n d i n g  l i n e a r  t e c h n i q u e s  (w h ic h  a r e  o n l y  
a v a i l a b l e  i n  c e r t a i n  r e s t r i c t e d  c a s e s ) .
2) The d e g r e e  o f  im porvem en t  o v e r  l i n e a r  o p t i m a l  c o n t r o l  
t h e o r y  i s  a f u n c t i o n  of  t h e  d e g r e e  o f  n o n l i n e a r i t y  o f  t h e  s y s t e m ,  t h e  
d i s t a n c e  t h e  s y s t e m  must  o p e r a t e  away f ro m  t h e  p o i n t  o f  l i n e a r i z a t i o n ,  
and  t h e  p a r t i c u l a r  r e g i o n  i n  s t a t e  s p a c e  b e i n g  c o n s i d e r e d .  The t h i r d  o f  
t h e s e  c a n n o t ,  i n  g e n e r a l ,  be e s t i m a t e d  a  p r i o r i .
3) L i n e a r  o p t i m a l  c o n t r o l  t h e o r y  (when p o s s i b l e )  i s  
u s e f u l  t o  e s t a b l i s h  a form o f  t h e  p r o p o s e d  a l g o r i t h m  t o  be d e t e r m i n e d  by 
s e a r c h .
4) U s in g  a p a r a m e t e r  s e a r c h  t o  d e t e r m i n e  a n e a r  o p t i m a l  
c l o s e d  lo o p  c o n t r o l  i s  n o t  r e s t r i c t e d  by t y p e  o f  p e r f o r m a n c e  i n d e x  o r  
d i f f i c u l t  s o l u t i o n s  t o  two p o i n t  b o u n d a r y  v a l u e  p r o b l e m s .  The o n l y  
l i m i t a t i o n  i s  co m p u te r  t i m e .
5) Time v a r y i n g  c o n t r o l l e r s  p r e s e n t  no p r o b le m s  e x c e p t  
i n  t h e  i n c r e a s e d  d i m e n s i o n a l i t y  o f  t h e  s e a r c h .  A l i n e a r  t im e  v a r i a t i o n  
may shown c o n s i d e r a b l e  im provem ent  o v e r  a t i m e  i n v a r i a n t  c o n t r o l  w i t h  
minimum i n c r e a s e  i n  p a r a m e t e r s  t o  be d e t e r m i n e d  (one  p e r  g a i n ) .
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The method d e v e l o p e d  i n  t h i s  c h a p t e r  i s  a d m i t t e d l y  r a t h e r  
c r u d e  i n  t h a t  c l a s s i c a l  o p t i m a l  c o n t r o l  t h e o r y  i s  n o t  i n v o l v e d . T h i s  
i s ,  how eve r ,  t h e  m a jo r  a d v a n t a g e  o f  t h e  t e c h n i q u e „ T h e re  a r e  no 
c o m p l i c a t e d  d i f f e r e n t i a l  e q u a t i o n s  t o  s o l v e  ( o t h e r  t h a n  t h e  i n i t i a l  v a l u e  
s y s t e m  model)  and t h e  r e s u l t i n g  a l g o r i t h m s  can  e a s i l y  be im plem en ted  
on t h e  d i g i t a l  c o m p u te r .
I n  t h e  f o l l o w i n g  c h a p t e r ,  a more s o p h i s t i c a t e d  and t h e o r e t i c a l  
p r o c e d u r e ,  b a s e d  on t h e  maximum p r i n c i p l e ,  w i l l  be d e v e l o p e d .
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N o m e n c la tu r e
A - Sys tem m a t r i x  d e f i n e d  by e q u a t i o n  IV-1
B - C o n t r o l  m a t r i x  d e f i n e d  by e q u a t i o n  IV-1
B - P r o d u c t  o f  r e a c t i o n  i n  e q u a t i o n  I V - 5
C - U nde te rm ined  p a r a m e t e r  m a t r i x
CA
- C o n c e n t r a t i o n  a t  r e a c t a n t  A
CAf
- Feed  c o n c e n t r a t i o n
^A
- S te a d y  s t a t e  c o n c e n t r a t i o n
A
CA
- D e v i a t i o n  f rom s t e a d y  s t a t e  c o n c e n t r a t i o n
CP - H eat  c a p a c i t y
F - M a t r i x  d e f i n e d  by q u a d r a t i c  p e r f o r m a n c e i n d e x ,  i
S - M a t r i x  d e f i n e d  by q u a d r a t i c  p e r fo rm a n c e i n d e x ,  i
Q - l l c a t  t r a n s f e r
Q - S t e a d y  s t a t e  h e a t  t r a n s f e r
Q - D e v i a t i o n  f rom  s t e a d y  s t a t e  h e a t  t r a n s f e r
R - M a t r i x  d e f i n e d  by q u a d r a t i c  p e r f o r m a n c e i n d e x ,  i
T - A b s o l u t e  t e m p e r a t u r e
TF - Feed  t e m p e r a t u r e
T - S t e a d y  s t a t e  t e m p e r a t u r e
T - D e v i a t i o n  f rom  s t e a d y  s t a t e  t e m p e r a t u r e
a - C o n s t a n t  d e f i n e d  i n  e q u a t i o n  I V - 7
a nm - U n d e te rm in e d  p a r a m e t e r  f o r  t im e  v a r y i n g c o n t r o l
bnm - U n d e te rm in e d  p a r a m e t e r  f o r  t im e  v a r y i n g c o n t r o l
b - R a te  c o n s t a n t  d e f i n e d  by e q u a t i o n  I V - 7
b - S t e a d y  s t a t e  r a t e  c o n t r o l
r - L
b -  C o n s t a n t  d e f i n e d  by e q u a t i o n  I V - 7 o
t  - Time
t  - I n i t i a l  t im eo
t ^  - F i n a l  t im e
ij - C o n t r o l  v e c t o r
v  - Volume
V? - Flow r a t e
w - S t e a d y  s t a t e  f low  r a t e
v; D e v i a t i o n  f rom s t e a d y  s t a t e  f low  r a t e
x  - S t a t e  v a r i a b l e
x  - S t e a d y  s t a t e  v a l u e  o f  s t a t e  v a r i a b l e
a  -  C o n s t a n t  d e f i n e d  by e q u a t i o n  IV-38
AH - H ea t  o f  r e a c t i o n
p - D e n s i t y
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CHAPTER V
A HYBRID CONTROLLER FOR APPROXIMATE OPTIMAL 
FEEDBACK CONTROL OF NONLINEAR SYSTEMS
I n t r o d u c t i o n
I n  t h i s  c h a p t e r ,  d e s i g n  o f  an a p p r o x i m a t e  o p t i m a l  f e e d b a c k  
c o n t r o l  s t r a t e g y  f o r  n o n l i n e a r  s y s t e m s  w i l l  a g a i n  be c o n s i d e r e d .  A v e r y  
d i f f e r e n t  and more t h e o r e t i c a l  a p p r o a c h  w i l l  be u s e d .  The t e c h n i q u e ,  
a l t h o u g h  more c o m p l i c a t e d  t h a n  t h a t  c o n s i d e r e d  i n  t h e  C h a p t e r  IV,  lias 
t h e  a d v a n t a g e  t h a t  i t  can  c o r r e c t  f o r  l a r g e  u n e x p e c t e d  d i s t u r b a n c e s .
The p r o c e d u r e  c o n s i s t s  of  p r e c a l c u l a t i o n  o f  an open  loop  
o p t i m a l  c o n t r o l  s t r a t e g y .  T h i s  c o n t r o l  i s  a p p l i e d  t o  t h e  n o n l i n e a r  s y s t e m .  
The s y s t e m  i s  sampled  a t  r e g u l a r  i n t e r v a l s .  I f  t h e  sampled v a l u e  a g r e e s  
w i t h  t h e  p r e c a l c u l a t e d  o p t i m a l  t r a j e c t o r y ,  no c o r r e c t i o n  i s  made.  I f  
t h e r e  i s  a d e v i a t i o n  due t o  a d i s t u r b a n c e ,  a new o p t i m a l  c o n t r o l  s t r a t e g y  
i s  c a l c u l a t e d  f rom  t h i s  p o i n t  and a p p l i e d  u n t i l  t h e  n e x t  s a m p l in g  p o i n t .
The p ro b le m  i s  t h a t  t h e  c a l c u l a t i o n  o f  t h e  new o p t i m a l  c o n t r o l  
m us t  be done i n  r e a l - t i m e  so  i t  can  be a p p l i e d  " i m m e d i a t e l y "  t o  t h e  
s y s t e m .  U n f o r t u n a t e l y ,  s o l v i n g  f o r  t h e  new o p t i m a l  c o n t r o l  u s u a l l y  
i n v o l v e s  a t i m e  consuming  t r i a l  and e r r o r  s o l u t i o n  o f  a  n o n l i n e a r  b o u n d a ry  
v a l u e  p r o b l e m .  T h i s  p ro b le m  i s  u s u a l l y  o f  t h e  form :
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^  = g(x> X, t )  ; = s Pe c i f i e d
w h e r e :  f  and g a r e  n o n l i n e a r  f u n c t i o n s
x  i s  t h e  s t a t e  v a r i a b l e
X i s  t h e  a d j o i n  o r  c o s t a t e  v a r i a b l e  t h a t  i s  r e l a t e d  t o  t h e
o p t i m a l  c o n t r o l
The p ro b le m  o f  "on  l i n e "  s o l u t i o n  o f  su ch  a t r i a l  and e r r o r  
p ro b le m  i s  overcome by u s e  o f  t h e  " h y b r i d  c o n t r o l l e r " -
The p r o c e d u r e  i s  t o  r e p e a t e d l y  s o l v e  t h e  open  loop  o p t i m a l  
c o n t r o l  p ro b le m  " o f f  l i n e "  a t  v a r i o u s  p o i n t s  a l o n g  t h e  s t a t e  t r a j e c t o r y -  
F o r  e x a m p le ,  i f  t h e  o p t i m a l  p r e c a l c u l a t e d  open  lo op  s t a t e  t r a j e c t o r y  look  
l i k e  t h a t  shown i n  F i g u r e  V- l ,we m ig h t  r e s o l v e  th e  o p t i m a l  c o n t r o l  p ro b le m  
a t  p o i n t s  s u r r o u n d i n g  t h i s  t r a j e c t o r y  c o r r e s p o n d i n g  to  t h e  o ' s .
T h e o r e t i c a l l y ,  we c o u l d  s t o r e  t h e  r e s u l t i n g  o p t i m a l  c o n t r o l ,  
u * ( t ) , f o r  e a c h  c a l c u l a t i o n  p o i n t .  N e x t ,  by s a m p l in g  th e  s y s t e m  a t  t h e s e  
p o i n t s  a l o n g  t h e  t r a j e c t o r y ,  we c o u l d  d e t e c t  t h e  e f f e c t  (on  t h e  s t a t e )  of  
a n y  d i s t u r b a n c e  t h a t  may have  e n t e r e d  t h e  l o o p .  We c o u ld  t h e n  " l o o k  up" 
i n  t h e  d i g i t a l  co m p u te r  t h e  o p t i m a l  c o n t r o l  c o r r e s p o n d i n g  t o  t h e  a c t u a l  
v a l u e  o f  t h e  s t a t e  v a r i a b l e -  Such a p r o c e d u r e  i s  h i g h l y  i m p r a c t i a l -
Computer  s t o r a g e  r e q u i r e m e n t s  wou ld  become e x c e s s i v e -
F o r  e a c h  c a l c u l a t i o n  p o i n t , i t  would  be  n e c e s s a r y  t o  s t o r e  a 
c o r r e s p o n d i n g  c o n t r o l  v e c t o r ;  t h a t  i s ,  an  a r r a y  o f  c o n t r o l s  c o r r e s p o n d i n g  
t o  u ( t ) -  F o r  s y s t e m s  h i g h e r  t h a n  f i r s t  o r d e r , t h i s  would  be p r a c t i c a l l y
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System Sampled a t  t
O f f  L i n e ” C a l c u l a t i o n  P o i n t s
x
CJ
Tim e, t  
F i g u r e  V-l
T y p i c a l  Open Loop O pt im al  
S t a t e  T r a j e c t o r y
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im p o s s i b l e o  A n o t h e r  p ro b le m  would  i n v o l v e  i n t e r p o l a t i o n  b e t w e e n  two 
c o n t r o l  v e c t o r s .  S in c e  th e  sampled  v a l u e s  o f  t h e  s t a t e ,  X, a r e  n o t  
l i k e l y  t o  f a l l  e x a c t l y  on a c a l c u l a t i o n  p o i n t , i t  would  u s u a l l y  be 
n e c e s s a r y  t o  i n t e r p o l a t e <> Such i n t e r p o l a t i o n  i s  n o t  s t r a i g h t f o r w a r d  
s i n c e  i t  would  i n v o l v e  i n t e r p o l a t i o n  f o r  e v e r y  p o i n t  i n  th e  a r r a y  u ( t ) .
To overcome t h e s e  p r o b l e m s ,  we s t o r e  o n l y  t h e  v a l u e  of  t h e  
m i s s i n g  b o u n d a r y  c o n d i t i o n  i n  t h e  d i g i t a l  com pu te r  memory c o r r e s p o n d i n g  
t o  e a c h  c a l c u l a t i o n  p o i n t . W i th  t h i s  b o u n d a ry  c o n d i t i o n  a v a i l a b l e ,  
s o l u t i o n  of  t h e  o p t i m a l  c o n t r o l  p r o b le m  i s  no l o n g e r  a t r i a l  and e r r o r  
b o u n d a r y  v a l u e  p r o b le m  b u t  a n  i n i t i a l  v a l u e  p ro b le m  t h a t  can  be s o l v e d  
v e r y  r a p i d l y  on t h e  a n a l o g  c o m p u te r .  T h i s  a l l o w s  us t o  s o l v e  t h e  
o p t i m a l  c o n t r o l  p r o b le m  i n  r e a l - t i m e  and a p p l y  t h i s  c o n t r o l  t o  our 
system, u n t i l  t h e  n e x t  s a m p l in g  p o i n t .
The c o n t r o l l e r ,  t h e r e f o r e ,  o p e r a t e s  a s  f o l l o w s :
1) The p r e c a l c u l a t e d  o p t i m a l  c o n t r o l  i s  a p p l i e d  t o  th e  
s y s t e m  i n i t i a l l y .
2) The s y s t e m  i s  sampled  a t  r e g u l a r  i n t e r v a l s « From the  
d i g i t a l  com pu te r  m em o ry , th e  m i s s i n g  b o u n d a ry  c o n d i t i o n  i s  o b t a i n e d  
c o r r e s p o n d i n g  t o  t h e  v a l u e  o f  t h e  s t a t e .  E i t h e r  a t a b l e  l o o k - u p  and 
c o r r e s p o n d i n g  i n t e r p o l a t i o n  r o u t i n e  o r  a p o l y n o m i a l  e x p r e s s i o n  i s  u s e d .
3) These  b o u n d a r y  c o n d i t i o n s  a r e  t r a n s f e r r e d  t o  t h e  a n a l o g  
w h ere  a r a p i d  i n t e g r a t i o n  i s  made.  R e s u l t s  o f  t h i s  i n t e g r a t i o n  a r e  sampled  
and s t o r e d  a s  a n  a r r a y  i n  t h e  d i g i t a l  com puter  memory. Note t h a t  i t  i s  
o n l y  n e c e s s a r y  t o  s t o r e  v a l u e s  o f  t h e  c o n t r o l  u n t i l  t h e  n e x t  s a m p l in g  p o i n t
s i n c e  a t  t h i s  p o i n t  t h e  p r o c e d u r e  i s  r e p e a t e d . ,
4)  T h ese  s t o r e d  v a l u e s  o f  t h e  new o p t i m a l  c o n t r o l  a r e  
u sed  t o  d r i v e  t h e  s y s t e m  u n t i l  t h e  n e x t  s a m p l i n g  p o i n t o
F i g u r e  V-2 i l l u s t r a t e s  t h i s  p r o c e d u r e  d i a g r a m m a t i c a l l y .
A p p l i c a t i o n  t o  a F i r s t  O rd e r  N o n l i n e a r  S y s t e m
I m p l e m e n t a t i o n  o f  t h i s  h y b r i d  c o n t r o l l e r  w i l l  be i l l u s t r a t e d  
by an  e x a m p le .  C o n s i d e r  t h e  f i r s t  o r d e r  n o n l i n e a r  s y s t e m  d e f i n e d  by t h e  
f o l l o w i n g  d i f f e r e n t i a l  e q u a t i o n :
w h e r e :  x ( 0 )  = 10
t f  - 1 . 0
The s y s t e m  i s  t o  be d r i v e n  i n  s u c h  a way a s  to  m in im iz e  t h e  q u a d r a t i c  
p e r f o r m n n c e  in d e x :
The open  lo o p  c o n t r o l  s t r a t e g y ,  u * ( t ) ,  i s  o b t a i n e d  f rom a p p l i c a t i o n  o f  
t h e  maximum p r i n c i p l e .  The H a m i l t o n i a n  may be w r i t t e n  a s :
- x  ( t )  + u ( t ) O O o  • V - l
V-2
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H ybr id  C o n t r o l l e r  For Sy stein D r iven  
by I n i t i a l  C o n d i t i o n s
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The n e c e s s a r y  c o n d i t i o n s  t h a t  d e f i n e  t h e  o p t i m a l  c o n t r o l  a r e :
~  = - x 2 -I- u ; x ( 0 )  = 10 C . . . V - 4d t
s E
du
0 = X + u* . . .  .V--6
S u b s t i t u t i o n  o f  e q u a t i o n  V - 6 i n t o  e q u a t i o n  V-4 d e f i n e s  a two p o i n t  
b o u n d a ry  v a l u e  p ro b le m  i n  x and X a s  f o l l o w s :
- -X2 - x ; x(0) = 10 . . . . V-7
~  = 2 Ax - x  ; x ( 1 . 0 ) =  0 . . . . V - 8
S o l u t i o n  y i e l d s  x ( t )  and X ( t )  a s  i s  shown i n  F i g u r e  V-3 .  From V-6,  u * ( t )  
i s  im m e d i a t e l y  a v a i l a b l e .  S o l u t i o n  o f  t h i s  p r o b le m  i s  done o f f  l i n e .  
A n a lo g ,  d i g i t a l  o r  h y b r i d  methods  may be u s e d .  A b r i e f  d i s c u s s i o n  o f  
c o n v e n i e n t  t e c h n i q u e s  u sed  w i l l  f o l l o w .  R e f e r e n c e s  1 t h r o u g h  5 c o n s i d e r  
s o l u t i o n  t o  t h e s e  p ro b le m s  i n  d e t a i l .
O f f - L i n e  S o l u t i o n  o f  t h e  Two P o i n t  Boundary  V a lu e  P ro b le m
D i g i t a l : To s o l v e  p ro b le m s  s u c h  a s  t h a t  d e f i n e d  by e q u a t i o n s  V-7 and
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i n  e i t h e r  o f  two w a y s .  F i r s t , t h e  m i s s i n g  i n i t i a l  c o n d i t i o n  i n  e q u a t i o n  
V -8 ,  X, c o u l d  be  assumed and t h e n  f o r w a r d  i n t e g r a t i o n  o f  e q u a t i o n s  V-7 
and V-8 wou ld  be  c a r r i e d  o u t  u n t i l  t  = A t  t h i s  p o i n t  t h e  f i n a l  v a l u e
o f  X i s  compared w i t h  t h e  b o u n d a r y  c o n d i t i o n ,  e . g . , X ( t^ )  -  0 .  I f  t h e s e  
a g r e e ,  we have  t h e  s o l u t i o n ;  i f  n o t ,  we mus t  assume a n o t h e r  X( t  ) and 
r e p e a t  t h e  p r o c e s s *
The o t h e r  p o s s i b l e  t r i a l  and e r r o r  p r o c e s s  i n v o l v e s  g u e s s i n g  
t h e  f i n a l  v a l u e  o f  t h e  s t a t e  v a r i a b l e ,  x ( t ^ )  and i n t e g r a t i n g  e q u a t i o n s
V-7 and V-8 backward  i n  t im e  t o  t  „ At t h i s  p o i n t ,  x ( t ^ ) i s  compared 
w i t h  t h e  i n i t i a l  b o u n d a ry  c o n d i t i o n  on x .  I f  t h e y  a g r e e ,  we have  t h e  
c o r r e c t  s o l u t i o n ;  i f  n o t ,  we must  g u e s s  a n o t h e r  x ( t ^ )  and r e p e a t  t h e  
p r o c e s s .  M u l t i d i m e n s i o n a l  s e a r c h  t e c h n i q u e s  a r c  u s e f u l  f o r  o b t a i n i n g  t h e  
t r i a l  v a l u e s  o f  t h e  boun d a ry  c o n d i t i o n s  i n  an  e f f i c i e n t  way.  An a l g o r i t h m  
f o r  s u c h  a s o l u t i o n  w i l l  be i l l u s t r a t e d  i n  an  exam ple  p ro b le m .
A l t h o u g h  b o t h  p r o c e d u r e s  w i l l  w o rk ,  t h e  second  method i s  by f a r  
t h e  most  p r a c t i c a l  t o  u s e ,  p a r t i c u l a r l y  i n  o u r  c a s e .  The second  p r o c e d u r e  
i s  r e f e r r e d  t o  by L a p i d u s ^  a s  an  a p p r o x i m a t i o n  t o  t h e  p r o b le m .  T h i s  i s  
b e c a u s e  e v e r y  t r i a l  g e n e r a t e s  an  o p t i m a l  c o n t r o l ;  h o w e v e r ,  i t  may be t h e  
o p t i m a l  c o n t r o l  f o r  " a n o t h e r  p r o b l e m " ,  d e f i n e d  by some o t h e r  i n i t i a l  
v a l u e  o f  t h e  s t a t e  v a r i a b l e .  T h i s  i s  j u s t  w h a t  we need s i n c e  we want to  
r e s o l v e  t h e  p ro b le m  f o r  many v a l u e s  o f  t h e  s t a t e  v a r i a b l e  a t  t h e  v a r i o u s  
s a m p l i n g  p o i n t s .  The second  p r o c e d u r e  a l s o  h a s  t h e  a d v a n t a g e  t h a t  t h e  
c o s t a t e  e q u a t i o n  V-8 i s  u s u a l l y  more s e n s i t i v e  t o  t h e  t r i a l  i n i t i a l  
c o n d i t i o n  t h a n  i s  t h e  s t a t e  e q u a t i o n  V-7 t o  a t r i a l  f i n a l  c o n d i t i o n .
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A n a l o g : B oundary  v a l u e  p r o b le m s  s u c h  a s  e q u a t i o n s  V-7 and V-8 i n v o l v i n g
two f i r s t  o r d e r  e q u a t i o n s  c a n  be h a n d l e d  c o n v e n i e n t l y  on an  a n a l o g  com pute r  
w i t h  d i g i t a l  l o g i c .  T h i s  i s  done by o p e r a t i n g  i n  r e p e t i t i v e  mode.  The
l o g i c  i s  s e t  up s u c h  t h a t  t h e  v a l u e  o f  X a t  t ^  i s  compared t o  t h e  a c t u a l
d e s i r e d  v a l u e .  The d i f f e r e n c e ,  o r  " e r r o r " ,  i s  i n t e g r a t e d  and u sed  a s  
i n i t i a l  c o n d i t i o n  f o r  t h e  n e x t  i n t e g r a t i o n  o f  A s i m p l i f i e d  a n a l o g
d ia g ra m  f o r  t h i s  method i s  shown i n  F i g u r e  V -4 .
h y b r i d : S o l u t i o n  o f  tvzo p o i n t  b o u n d a r y  v a l u e  p ro b le m s  may be c a r r i e d  
o u t  v e r y  r a p i d l y  on t h e  h y b r i d  computer . .  The p r o c e d u r e  i s  t h e  same a s  
d i s c u s s e d  above f o r  d i g i t a l  s o l u t i o n  e x c e p t  t h a t  t h e  many t r i a l  i n t e g r a t i o n s  
can be c a r r i e d  o u t  much more r a p i d l y  on t h e  a n a l o g  c o m p u te r .
I mp1e m e n t a t i o n  o f  t h e  H y b r id  C o n t r o l l e r
Our n o n l i n e a r  s y s t e m ,  e q u a t i o n  V - l ,  was t i m e  s c a l e d  by a f a c t o r
o f  t e n  so t h a t  t h e  r e s p o n s e  t i m e ,  t ^ ,  i s  10 s e c o n d s .  T h i s  i s  f a s t e r  t h a n
t h e  dynam ics  o f  most  p r o c e s s  c o n t r o l  l o o p s .  The h y b r i d  c o n t r o l l e r  was
d e s i g n e d  f o r  s a m p l i n g  a t  f o u r  p o i n t s  a l o n g  t h e  s t a t e  t r a j e c t o r y ,  t  = 2 ,
4 ,  6,  8 s e c o n d s .
The two p o i n t  b o u n d a ry  v a l u e  p r o b le m ,  e q u a t i o n s  V-7 and V-8,
was s o l v e d  f o r  t e n  d i f f e r e n t  v a l u e s  o f  t h e  s t a t e  v a r i a b l e ,  x ,  a t  e a c h
s a m p l in g  p o i n t .  T h es e  v a l u e s  w ere  c h o s e n  t o  s u r r o u n d  t h e  open  loop  
o p t i m a l  t r a j e c t o r y .  The m i s s i n g  b o u n d a r y  c o n d i t i o n s ,  X, w e re  o b t a i n e d  
a s  a f u n c t i o n  o f  t h e  c h o s e n  v a l u e  o f  x .  T y p i c a l  c u r v e s  o f  X v s .  x a t
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To Remainder  o f  C i r c u i t
A - l  - R e p e t i t i v e  mode - I n t e g r a t e  - I n i t i a l  C o n d i t i o n
TS-1 - T ra c k s  when A1 i s  I n t e g r a t i n g
TS-2 - T ra c k s  when A1 i s  i n  I n i t i a l  C o n d i t i o n s
A-2 - I n t e g r a t e s  when A1 i s  in  I n i t i a l  C o n d i t i o n
F i g u r e  V-4
Analog  S o l u t i o n  o f  S im ple  Two P o i n t  
Boundary V alue  P rob lem
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d i f f e r e n t  s a m p l i n g  p o i n t s  a r e  shown i n  F i g u r e  V -5 .  L e a s t  s q u a r e s
r e g r e s s i o n  was  u sed  t o  f i t  t h e s e  c u r v e s  t o  p o l y n o m i a l  e x p r e s s i o n s .  The
a v e r a g e  e r r o r  i n  t h e  r e s u l t i n g  p o ly n o m ia l s -  r a n g e d  f rom  0.087% t o  0.50%.
A t y p i c a l  p o l y n o m i a l  f o r  t  = 2 i s  shown be low :s
\  -  . 2 3 0 8  . 1431x -  O0293x2 -!- . 0 0 2 1 2 x 3 . . . . V - 9
The n o n l i n e a r  s y s t e m  was modeled  on t h e  a n a l o g  com pu te r  as  
shovm i n  F i g u r e  V -6 .  The a n a l o g  p o r t i o n  o f  t h e  h y b r i d  c o n t r o l l e r  i s  
shown i n  F i g u r e  V -7 .  The d i g i t a l  p r o g r a m  i s  shown i n  A ppend ix  D.
T im ing  C o n s i d e r a t i on s
As h a s  b e e n  m e n t i o n e d ,  t h e  a n a l o g  com p u te r  i s  c a p a b l e  o f  v e r y  
f a s t  i n t e g r a t i o n s .  F o r  t h i s  p r o b le m ,  o u r  two i n t e g r a t i o n s  n eeded  t o  
g e n e r a t e  t h e  o p t i m a l  c o n t r o l  f rom one s a m p l i n g  p o i n t  t o  t h e  n e x t  were  
e x e c u t e d  i n  0 . 0 2  s e c o n d s .  L u r i n g  t h i s  20 m i l l i s e c o n d s ,  50 p o i n t s  were  
sampled  and s t o r e d  a s  an a r r a y  i n  t h e  d i g i t a l  c o m p u te r .  T h i s  i s  a 
s a m p l i n g  r a t e  o f  2500 p o i n t s / s e c o n d .  The a r r a y  c o n t a i n i n g  t h e  o p t i m a l  
c o n t r o l  i s  t h e n  t r a n s f e r r e d ,  p o i n t  by p o i n t ,  back  t o  t h e  a n a l o g  t o  c o n t r o l  
t h e  s y s t e m .  The f i f t y  p o i n t s  a r e  t r a n s f e r r e d  back  i n  t h e  two se c o n d s  
b e t w e e n  s a m p l i n g  p o i n t s ,  o r  a t  a  r a t e  o f  25 p o i n t s / s e c o n d .
R e s u l t s
F i g u r e  V-8 shows t h e  open lo o p  o p t i m a l  c o n t r o l .  F i g u r e  V-9 
i l l u s t r a t e s  t h e  i m p l e m e n t a t i o n  o f  t h e  h y b r i d  c o n t r o l l e r  f o r  t h e  c a s e  w i t h
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Figure v- 9
Hybrid Control - No Disturbance
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no d i s t u r b a n c e s o  The s l i g h t  d i s c o n t i n u i t i e s  a t  t h e  s a m p l i n g  p o i n t s  a r e  
due t o  s l i g h t  e r r o r s  i n  t h e  p o l y n o m i a l  e q u a t i o n s „
C o n s t a n t  d i s t u r b a n c e s  w ere  added  t o  t h e  s y s t e m  a t  t i m e  e q u a l  t o  
z e r o .  F i g u r e  V-10 i l l u s t r a t e s  t h e  c o n t r o l  f o r  v a r i o u s  p o s i t i v e  
d i s t u r b a n c e s .  F i g u r e  V - l l  i s  t h e  h y b r i d  c o n t r o l  a c t i o n  f o r  v a r i o u s  
n e g a t i v e  d i s t u r b a n c e s .  Note t h a t  c o r r e c t i o n  i s  made a t  e a c h  s a m p l in g  
p o i n t  so t h a t  t h e  c o n t r o l  p a s s e s  t h r o u g h  t h e  z e r o  p o i n t .  F i g u r e  V-12 
i s  t h e  r e s u l t i n g  s t a t e  t r a j e c t o r i e s  f o r  c a s e s  w i t h  t h e  d i f f e r e n t  
d i s t u r b a n c e s  e n t e r i n g  t h e  l o o p .  D i s t u r b a n c e s  o f  - 0 . 2 ,  - 0 . 4 ,  -1-0.2, + 0 . 4 ,  
-1-0.6 and + 0 . 8  a r e  shown i n  t h e s e  f i g u r e s .
To compare  t h e  h y b r i d  f e e d b a c k  c o n t r o l l e r ,  t h e  open lo op  
( p r e c a l c u l a t e d )  o p t i m a l  c o n t r o l  was a p p l i e d  t o  t h e  s y s t e m  and d i s t u r b a n c e s  
a l l o w e d  t o  e n t e r  t h e  l o o p .  The c o s t ,  J ,  was  c a l c u l a t e d  and compared  t o  
t h e  c o s t  o b t a i n e d  u s i n g  t h e  f e e d b a c k  h y b r i d  c o n t r o l l e r .  T a b l e  V - l  shows 
t y p i c a l  r e s u l t s .
Note  t h a t  i n  e v e r y  c a s e  a s  good o r  b e t t e r  c o n t r o l  i s  o b t a i n e d
w i t h  t h e  h y b r i d  c o n t r o l l e r .  In  t h i s  e x am p le ,  h o w e v e r ,  t h e  im provem en t  i s
s l i g h t .  T h i s  i s  due t o  t h e  i n s e n s i t i v i t y  o f  t h e  c o n t r o l  v a r i a b l e  on 
t h e  s t a t e  v a r i a b l e .
F i g u r e  V-13 i l l u s t r a t e s  t h e  im provement i n  t h e  s t a t e  t r a j e c t o r y  
by u s i n g  t h e  f e e d b a c k  h y b r i d  c o n t r o l  ( a s  compared t o  t h e  o p t i m a l  open
lo o p )  f o r  a  c o n s t a n t  d i s t u r b a n c e  o f  + 0 . 6 .
I t  i s  c o n c l u d e d  f rom  t h i s  s i m p l e  exam ple  t h a t  t h e  " h y b r i d  
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State Trajectories for Various Disturbances
T a b l e  V - l
Cos t  Compar i s o n  H y b r id  v s .  Opt in ia l  Open Loop C o n t r o l l e r
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F i g u r e  V-13
Compar ison  o f  O p t im a l  Open Loop and H ybr id  C o n t r o l  
C o n s t a n t  D i s t u r b a n c e  = 0 . 6
169
a p p r o x i m a t e  o p t i m a l  c o n t r o l  f o r  n o n l i n e a r  s y s t e m s .
One m ig h t  i m m e d i a t e l y  s u s p e c t  t h a t  f o r  more c o m p l i c a t e d  
s y s t e m s  t h i s  t e c h n i q u e  would  n o t  be p r a c t i c a l  due t o  t h e  g r e a t e r  number 
o f  " o f f  l i n e "  s o l u t i o n s  needed  and a l s o  t h e  i n c r e a s e d  c o m p l e x i t y  o f  t h e  
i n t e g r a t i o n s o  To g i v e  t h i s  p r o c e d u r e  a more d i f f i c u l t  t e s t ,  we w i l l  now
c o n s i d e r  a more c o m p l i c a t e d  n o n l i n e a r  s y s t e m .
Hybr i d  Contro l__qf  a C hem ica l  R eac t o r
C o n s i d e r  t h e  s t i r r e d  t a n k  c h e m i c a l  r e a c t o r  i l l u s t r a t e d  
i n  F i g u r e  V-14.  T h i s  i s  s i m i l a r  t o  t h e  sy:stem c o n s i d e r e d  in. C h a p t e r s  I I I
and IV. A second  o r d e r  r e a c t i o n  o f  t h e  fo rm :
2A B . . . . V - 1 0
i s  assumed t o  t a k e  p l a c e .  The r a t e  o f  r e a c t i o n  i s  e x p r e s s e d  by:
R a te  -  -kC* . . . . V - l lA
w here  C„ i s  t h e  c o n c e n t r a t i o n  o f  r e a c t a n t  A i n  t h e  t a n k .  The v a r i a t i o n  
A
o f  r a t e  c o n s t a n t ,  k ,  w i t h  t e m p e r a t u r e  i s  e x p r e s s e d  by an A r r h e n i u s  
r e l a t i o n s h i p  a s :
k = k expC-A/T) . . . . V - 1 2o






Figure V--14 C o n t in u o u s  Sli t r o d - T a n k  rteo:ctos
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e n e r g y  d i v i d e d  by t h e  gas  c o n s t a n t  and T i s  a b s o l u t e  t e m p e r a t u r e .
The p r o b le m  i s  t o  c o n t r o l  t h e  h e a t  t r a n s f e r ,  Q, i n  s u c h  a way 
t h a t  t h e  f o l l o w i n g  p e r f o r m a n c e  c r i t e r i o n  i s  m i n im i z e d :
f  P P
J  = J  ( ( £  + bQ ) d t  , . o .V - 1 3
o
w here  t ^  i s  t h e  s p e c i f i e d  f i n a l  t i m e  and b i s  a c o n s t a n t .  F o r  t h i s  
e x a m p le ,  l e t  t h e r e  be :
t_£ -  10 min.  
b = IQ " 10
The r e a c t o r  i s  modeled  by mass and e n e r g y  b a l a n c e s .  The 
u n s t e a d y  s t a t e  mass b a l a n c e  on component  A y i e l d s :
dC, .. „
— = 1 -  ( c  -C ) - k C ~  . o o . V - 1 4
d t  Vp Af A A
w here  V/ i s  t h e  i n l e t  f low  r a t e ,  V i s  t h e  t a n k  v o lu m e ,  p i s  t h e  d e n s i t y  o f
t h e  m a t e r i a l  i n  t h e  t a n k ,  and C , r i s  t h e  c o n c e n t r a t i o n  o f  t h e  f e e d .’ Af
The u n s t e a d y  s t a t e  e n e r g y  b a l a n c e  on t h e  r e a c t o r  y i e l d s :
,2
dT VT 0 AHkC
^ H V D + r V -  -  . . .  0v - i 5
d t  Vp f  VpC VpC-
w here  T^ i s  t h e  f e e d  t e m p e r a t u r e ,  i s  t h e  a v e r a g e  h e a t  c a p a c i t y  o f  t h e
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c o n t e n t s  o f  t h e  r e a c t o r ,  and /\H i s  t h e  h e a t  o f  r e a c t i o n  f o r  t h e  e x o t h e r m i c  
r e a c t i o n .
The s y s t e m  p a r a m e t e r s  a r e  assumed t o  be :
o II 0 . 9 0  B t u / l b  °F
V 250 f t 3
P 60 l b / f t 3
A 2560°R
AH - -867 B t u / l b  A
k 1 .4 2 5  f t 3 / l b  min.
S t e a d y  s t a t e  o p e r a t i n g  c o n d i t i o n s  a r e :
T 190°F
k -  .0278  f t 3 / l b  min.
W -- 1000 l b / m i n .
Tf  -  150°F
CA£ -  9«0 l b / f t 3Af
The p ro b le m  i s  s e t  up so a s  t o  " s t a r t - u p "  t h e  r e a c t o r  i n  s u c h  a way a s  t o  
m i n i m i s e  J .  H ence ,  t h e  i n i t i a l  c o n c e n t r a t i o n  and t e m p e r a t u r e  w i l l  be 
s p e c i f i e d  a s  t h e  f e e d  c o n d i t i o n s :
CA( t  ) = 9 . 0  l b / f t 3 
A o '
T ( t  ) -  150°F'  o '
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A p p l i c a t i o n  o f  the. Maximum P r i n c i p l e
Now t h a t  t h e  s y s t e m  i s  s p e c i f i e d ,  we can  d e f i n e  t h e  n e c e s s a r y  
c o n d i t i o n s  f o r  an  o p t i m a l  open  lo o p  c o n t r o l  p o l i c y ,  Q“ ( t ) .  The H a m i l t o n i a n  
may be  w r i t t e n  a s :
2
2 9 W 9 U 0 MlkC
11 -  CA -  bQ ' -  + S p c ^ l
The n e c e s s a r y  c o n d i t i o n s  f o r  an e x t r e m a l  a r e :
dC. tt o
^  = h .„(C c ) _ k c ^ . . .  . V-17
d t  Vp Af A A
fl? _ W_, „^ll:CA
,  . — i ,  W r  1) 'I' u  / i  ~ n  . .  .  .  V lbd t  Vp f  VpC VpC
h ' P H P
dX, .vr X,W 2 AllkC
“  -  -2C + + 2 \ . k G ,  + ---- - «- o oV-19d t  hC, A Vp 1 A VpC' A  h K p
_ .  an  _ V !  , V llabcf  v . 20
d t  -  3T -  X1 T2k  Vp v 2
f  “  0 -  2bQ* + vFb“
S o l v i n g  e q u a t i o n  V-21 f o r  Q“ y i e l d s :
Q* ( t )  = - ^ 2 / ( 2 V PCp b )
. . . oV-22
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S u b s t i t u t i o n  o f  e q u a t i o n  V-22 i n t o  e q u a t i o n  V-18 y i e l d s :
® W ,(I T) . -A— , ..v_23
d t  "  Vf' f  2b(VpC ) 2 ' VP°f
E q u a t i o n s  V -17 ,  V -23 ,  V-19 and V-20 now d e f i n e  our  two p o i n t  b o u n d a ry  
v a l u e  p r o b le m .  The b o u n d a ry  c o n d i t i o n s  a r e :
CA( t  ) = 9 c 0 l b / f t 3 A o
T ( t  ) = 150°Eo
w h e r e : t  --- 0o
t  = 10 min.
N o t i c e  t h a t  s o l u t i o n  of  t h e s e  e q u a t i o n  i s  c o n s i d e r a b l y  more c o m p l i c a t e d  
t h a n  t h e  two d i f f e r e n t i a l  e q u a t i o n s  d e f i n e d  by our  f i r s t  o r d e r  exam ple .  
Not o n l y  have  t h e  number o f  e q u a t i o n s  (and m i s s i n g  b o u n d a ry  c o n d i t i o n s )  
i n c r e a s e d  b u t  a l s o  d e g r e e  of  n o n l i n e a r i t y  has  a l s o  i n c r e a s e d . ,  Remember 
t h a t  k i s  an  e x p o n e n t i a l  f u n c t i o n  o f  t e m p e r a t u r e „
"Q f f  L i n e "  S o l u t i o n
The " o f f  l i n e "  s o l u t i o n  o f  t h e s e  e q u a t i o n s  i s  h a n d l e d  on t h e  
d i g i t a l  com p u te r  by t h e  " a p p r o x i m a t i o n  t o  t h e  p ro b le m "  method p r e v i o u s l y  
d i s c u s s e d o  The f i n a l  v a l u e s  o f  c o n c e n t r a t i o n ,  C^, and t e m p e r a t u r e ,  T,
a r e  assumed. , E q u a t i o n s  V -17 ,  V -23 ,  V-19 and V-20 a r e  t h e n  i n t e g r a t e d  
backw ard  and t h e  r e s u l t i n g  t e m p e r a t u r e  and c o n c e n t r a t i o n  a r e  compared w i t h  
t h e  known v a l u e s .  I f  t h e y  a g r e e ,  we have  t h e  s o l u t i o n ;  i f  n o t ,  new f i n a l  
v a l u e s  a r e  a s sum ed .  A m u l t i v a r i a b l e  p a t t e r n  s e a r c h ^  t e c h n i q u e  i s  used  t o  
o b t a i n  t h e  new v a l u e s .  T h i s  i s  done by m i n i m i z i n g  t h e  d i f f e r e n c e s  b e tw ee n  
t h e  d e s i r e d  i n i t i a l  v a l u e s  and t h o s e  a c t u a l l y  o b t a i n e d . T h i s  i s  done by 
m i n i m i z i n g  t h e  f o l l o w i n g  c o s t  f u n c t i o n :
CoSt = (CAD-C1 > 2 + ( I D-Tb 2
C .^  and 1' a r e  t h e  d e s i r e d  c o n c e n t r a t i o n  and t e m p e r a t u r e  ( i n i t i a l  AD D
c o n d i t i o n s ) . C 1' and T1 a r e  t h e  i n i t i a l  v a l u e s  o b t a i n e d  on th e  i t h  / A —
g u e s s  o f  t h e  f i n a l  v a l u e s  o f  C and T. T h i s  p r o c e d u r e  i s  i l l u s t r a t e d
d i a g r a r a m a t i c a l l y  i n  F i g u r e  V -15 .  The. F o r t r a n  p rog ram  f o r  t h e  s o l u t i o n  i s
p r e s e n t e d  i n  A ppend ix  D.
As i n  t h e  f i r s t  ex a m p le ,  we d e s i r e  t o  o b t a i n  a t a b l e  of  and
X„ a s  f u n c t i o n s  of  t h e  s t a t e  v a r i a b l e s ,  C, and T. T h i s  t a b l e  must  be 2 A
g e n e r a t e d  a t  e a c h  s a m p l in g  p o i n t .  S in c e  i n  t h i s  c a s e  we have  two s t a t e  
v a r i a b l e s ,  we must  p e r f o r in  t h i s  o f f  l i n e  s o l u t i o n  a t  more p o i n t s  s u r r o u n d i n  
o u r  t r a j e c t o r y .  T h a t  i s ,  t o  o b t a i n  a m e a n i n g f u l  r e l a t i o n s h i p  b e tw e e n  t h e  
v a r i a b l e s ,  we must  h o l d  one c o n s t a n t  and v a r y  t h e  o t h e r  i n d e p e n d e n t l y .
O ff  l i n e  s o l u t i o n s  w ere  c a r r i e d  o u t  i n  a f a c t o r i a l  d e s i g n .  F i v e  
t e m p e r a t u r e  p o i n t s  w e re  c h o s e n  t h a t  s u r r o u n d  t h e  p r e c a l c u l a t e d  t e m p e r a t u r e  
t r a j e c t o r y .  At e a c h  o f  t h e s e  p o i n t s  f i v e  c o n c e n t r a t i o n  l e v e l s  were  used
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S T A R T
GUESS 
F i n a l  C o n d i t i o n s  
T ( t f ) ,  CA( t f )
By Backward 
I n t e g r a t i o n  
C a l c u l a t e
T ( t o ) ’ W
CALCULATE
COST
Cost  = 0
Yes
S T O P
P a t t e r n  S ea rch  
to  A d ju s t  
CA (tf)
F i g u r e  v -15
A l g o r i t h m  For D i g i t a l  S o l u t i o n  o f  Two P o i n t  Boundary  
V a lu e  Prob lem
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t h a t  s u r r o u n d  t h e  p r e c a l c u l a t e d  o p t i m a l  c o n c e n t r a t i o n  t r a j e c t o r y . ,  T h e r e ­
f o r e  t w e n t y - f i v e  s o l u t i o n s  were  o b t a i n e d  f o r  eac h  s a m p l i n g  p o i n t .  T y p i c a l  
r e s u l t s  o f  t h e s e  s o l u t i o n s  a r e  shown i n  T a b l e  V-2 f o r  a f i n a l  t i m e  of  
8 min .  ( i . e . ,  s a m p l in g  a f t e r  2 m i n u t e s ) .
From t h e  t a b l e  of  s o l u t i o n s  (Xj and v s .  T and C ^ ) , p o l y n o m i a l s  
w e re  o b t a i n e d  f o r  X̂  and \  a s  f u n c t i o n s  o f  T and C . A s t e p w i s e  m u l t i p l e
7
r e g r e s s i o n  p ro g ra m  was used  f o r  o b t a i n i n g  t h e s e  p o l y n o m i a l s .  E x c e l l e n t  
f i t s  w e re  o b t a i n e d  i n  e v e r y  c a s e .  M u l t i p l e  c o r r e l a t i o n  c o e f f i c i e n t s  
r a n g e d  f rom  0 .9 9 6  t o  1 . 0 .  The s t a n d a r d  e r r o r  o f  t h e  e s t i m a t e s  was a lw ays  
s m a l l e r  t h a n  17,. T y p i c a l  r e s u l t i n g  p o l y n o m i a l s  a r e  shown below f o r  
t f  »  6:
A.xl.04
" 5 0 0 —  = 1 9 “96 + 1 7 0 2 *70 “ lo958GT . . . . V -24
X2x l 0 4 = 144 .81  + 1 5 9 . 95C, - .124CT . . . . V - 2 5
4
where  t h e  f a c t o r s  10 and 500 a r e  f o r  s c a l i n g  p u r p o s e s .
Hybr i d  Si m u l a t i o n
The c o n t r o l l e r  was d e s i g n e d  f o r  s a m p l in g  a t  f o u r  p o i n t s ,
f  = 2.  4 ,  6 and 8 min.  S i m u l a t i o n  o f  t h e  r e a c t o r  was done on t h e  s ’ ’
a n a l o g  com pu te r  and i s  shown i n  F i g u r e  V-16« T a b l e  V-3 shows t h e  
p o t e n t i o m e t e r  a s s i g n m e n t  s h e e t .
Note  t h a t  t h e  e x p o n e n t i a l  t e r m  i n  t h e  r a t e  c o n s t a n t  i s  g e n e r a t e d
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T a b l e  V-2 
O ff  L i n e  S o l u t i o n s  f o r  t  ~ 8 rain.
Temp . ( °R ) C o n c c n t i ' a t f  o n _____( l b / f t ^ )  X^(bOO)
610 8' .4303  .1079
7 o 3772 .0991
6 .3236  .0912
5 .2749  .0796
4 .1808  .0707
620 8 .4106  .1042
7 .3607  .0967
6 .3115  .0872
5 .2 6 3 4  .0792
4 .2177 .0695
630 8 .3931  .1035
7 .3453  .0967
6 .2986  .0881
5 .2530  .0788
4 .2098  .0692
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F i g u r e  V - 1 6  
R e a c t o r  Model
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Table  V-3
P o t e n t i o m e te r  Ass ignment '"  S h e e t  f o r  R e a c t o r  Si m u l a t i o n
e t e r  Number F u n c t i o n S e t t i n g
1 C . ( t  ) / l 0  A o ' 0 ,9 0 0 0
2 W / V p 0 .0667
3 AH/100VpC 0 ,0006
4 V10 0 .9000
5
•vVoooI—iiH 0 .6 1 0 0
6 W/Vp 0.0667
7 T ( t  ) / 1 0 0 0 0 .6 1 0 0
8 l ° k ( t o) 0 .2139
9 a / 1 0 4 0 .2560
" P o t e n t i o m e t e r  numbers c o r r e s p o n d  t o  t h o s e  i n  F i g u r e  V-16 
and n o t  a c t u a l  p o t e n t i o m e t e r  numbers  on EAI-6S0 Board .
M ag n i tu d e  s c a l i n g  can  be d e t e r m i n e d  f rom  i n i t i a l  c o n d i t i o n  
p o t e n t i o m e t e r s .
i  o' T e m p e r a tu r e  i s  m  R.
181
by o b s e r v i n g  t h a t :
i k _ d k  dT
d t  “  dT d t  ° * ° * V
dkS o l v i n g  f o r  y i e l d s :
dk A__ -A /T  _ A_
dT = o T2 e “  k " 2 = V- 2 7
T h e r e f o r e :
i A fiZ ™ 00,, — k „ *so .V—28d t  2 d t
The c o n t r o l  s t r a t e g y  i s  o b t a i n e d  by t h e  a n a l o g  s o l u t i o n  
o f  e q u a t i o n s  V-17,  V-23,  V-19 and V-20 .  The i n i t i a l  c o n d i t i o n s  f o r  
and a r e  t r a n s f e r r e d  f rom  th e  d i g i t a l  com pu te r  memory p r i o r  t o  
t h e  s t a r t  o f  t h e  i n t e g r a t i o n .  The sampled  v a l u e s  o f  t h e  t e m p e r a t u r e  
and  c o n c e n t r a t i o n  a r c  a l s o  t r a n s f e r r e d  f rom  the. d i g i t a l  com p u te r  and 
u s e d  a s  i n i t i a l  c o n d i t i o n s .  F i g u r e  V-17 i l l u s t r a t e s  t h e  a n a l o g  
h a r d w a r e .  Note  t h a t  an i n i t i a l  v a l u e  o f  k must  be t r a n s f e r r e d  t o  th e  
a n a l o g  a l o n g  w i t h  t h e  sampled  v a l u e  o f  T.  T h i s  i s  b e c a u s e  t h e  
i n t e g r a t i o n  o f  e q u a t i o n  V-28 must  have  an  i n i t i a l  c o n d i t i o n  and i t  
mus t  be c o m p a ta b l e  w i t h  t h e  i n i t i a l  c o n d i t i o n  on T i f  t h e  i m p l i c i t  
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d i g i t a l  c a l c u l a t i o n  o f  t h e  v a l u e  o f  k c o r r e s p o n d i n g  t o  t h e  sampled  
v a l u e  o f  To T h i s  c a l c u l a t e d  value,  o f  k i s  t r a n s f e r r e d  b a c k  t o  t h e  
a n a l o g  w i t h  t h e  o t h e r  i n i t i a l  c o n d i t i o n s .  T a b l e  V-4  shows t h e  
p o t e n t i o m e t e r  a s s i g n m e n t  and m a g n i tu d e  s c a l i n g , .
T iming
The s y s t e m  was t im e  s c a l e d  by a f a c t o r  o f  60 so t h a t  t h e  
r e s p o n s e  c o v e r e d  10 s eco n d s  and n o t  10 m i n u t e s .
T h i s ,  o f  c o u r s e ,  p u t  a g r e a t e r  s t r a i n  on t h e  c o n t r o l l e r  
s i n c e  f a s t e r  c a l c u l a t i o n ' o f  o p t i m a l  c o n t r o l  was r e q u i r e d .  The a n a l o g  
p a r t  o f  th e  c o n t r o l l e r  o p e r a t e s  100 t i m e s  f a s t e r  t h a n  t h e  s y s t e m .  
T h e r e f o r e ,  c a l c u l a t i o n  o f  t h e  c o n t r o l  f o r  t h e  two s e c o n d s  b e tw e e n  
s a m p l in g  i s  done i n  ,0 2  s e c o n d s .  D u r in g  t h i s  .02  s e c o n d s ,  f i f t y  
p o i n t s  a r e  s am pled  and s t o r e d  i n  t h e  d i g i t a l  co m p u te r  memory f o r  
u se  i n  c o n t r o l l i n g  t h e  s y s t e m .
R e s u l t s
F i g u r e  V-18 shows t h e  a n a l o g  s o l u t i o n  t o  e q u a t i o n s  V-17 and 
V -23 .  T h i s  i s  t h e  t e m p e r a t u r e  and c o n c e n t r a t i o n  r e s p o n s e ,  w i t h  t h e  
o p t i m a l  c o n t r o l  o r  Q added t o  t h e  s y s t e m .  No d i s t u r b a n c e  i s  p r e s e n t .  
T h i s  s o l u t i o n ,  C ^ ( t )  anc  ̂ T ( t ) , i s  used  t o  o b t a i n  t h e  s u r r o u n d i n g  
p o i n t s  f o r  t h e  " o f f  l i n e "  s o l u t i o n s  m e n t io n e d  p r e v i o u s l y .  F i g u r e  V-19 
shows t h e  c o r r e s p o n d i n g  s o l u t i o n s  t o  e q u a t i o n s  V-19 and V-20 f o r  t h e  
c o s t a t e  v a r i a b l e s ,  \  and R e c a l l  t h a t  Q i s  r e l a t e d  t o  t h r o u g h
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Table  V-4
P o t e n t i o m e t e r  A ss ig n m e n t*  S h e e t  f o r  H y b r id  C o n t r o l  o f  R e a c t o r
e t e r  Number F u n c t i o n
1 AH./V p
2 W/Vp
3 CAF/ 1 0
4 W/Vp
5 T / 1 0 0 0 *
6 a / 1 0 4
7 S c a l e  ( 2 / 5 )
8 S c a l e  ( 1 / 2 )
9 2 x 5 a / l 0 5
10 W/Vp




15 1000(VpC ) 2b / 2
S e t t i n g
0 .0 6 4 2  
0 .0667  
0 .9 0 0 0  
0 .0667  
0 .6 1 0  
0 .2 5 6 0  
0 .4 0 0 0  
0 .5 0 0 0  
0 .2 5 6 0  
0 .0667  
0 . 0 2 0 0  
0 .0 0 0 3  
0 .0667  
0 .0 0 1 6  
0 .0 2 7 4
P o t e n t i o m e t e r  numbers c o r r e s p o n d  t o  t h o s e  i n  F i g u r e  V-17 
a n d  n o t  a c t u a l  p o t e n t i o m e t e r  numbers  on EAI-680 B oa rd .
+M ag n i tu d e  s c a l i n g  can be d e t e r m i n e d  f rom  i n i t i a l  c o n d i t i o n  
p o t e n t i o m e t e r s .
















10 . 07 .55 . 07 .50
Time (rain)
Figure v- 18
Analog Open Loop Solution: 
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F i g u r e  V-19
A nalog  Open Loop S o l u t i o n :  \  , \ ^  v s  Time
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e q u a t i o n  V-2'1. T h e r e f o r e  g e n e r a t i o n  o f  ^ ( t )  y i e l d s  Q ( t ) c
F i g u r e  V-20 shows t h e  i m p l e m e n t a t i o n  o f  t h e  h y b r i d  c o n t r o l l e r  
f o r  t h e  c a s e  w i t h  no d i s t u r b a n c e s .  Note  t h e  s l i g h t  d i s c o n t i n u i t y  a t  t h e  
s a m p l in g  p o i n t s .  T h i s  i s  due t o  t h e  s l i g h t  i n a c c u r a c i e s  i n  t h e  p o l y n o m i a l  
e q u a t i o n s . N o te  t h a t  Q must  go t o  z e r o  a t  t_̂  -  10 min .  s i n c e  goes  t o  
z e r o .
U s in g  t h e  h y b r i d  c o n t r o l l e r  s t a r t s  a t  245 and ends  a t  1 . 5 .  
T h i s  s l i g h t  d e v i a t i o n  f rom  t h e  o p t i m a l  a n a l o g  s o l u t i o n  (245 t o  0) i s  
a l s o  due t o  t h e  d e v i a t i o n s  i n  t h e  p o l y n o m i a l  e q u a t i o n s .
To t e s t  t h e  c l o s e d  loop  o r  f e e d b a c k  n a t u r e  o f  t h e  h y b r i d  
c o n t r o l l e r ,  v a r i o u s  d i s t u r b a n c e s  w ere  p u t  i n t o  t h e  s y s t e m .  Changes  i n  
f e e d  c o n c e n t r a t i o n  and t e m p e r a t u r e  w e re  made. I n  p r a c t i c e ,  s uch  " t y p i c a l "  
d i s t u r b a n c e s  c o u l d ' b e  a n t i c i p a t e d  and a c c o u n t e d  f o r  i n  t h e  d e s i g n  o f  t h e  
c o n t r o l l e r .  The f e e d  c o n c e n t r a t i o n  and t e m p e r a t u r e  c o u l d  be m easured  and 
c o r r e c t i o n  f o r  u p s e t  ma.de p r i o r  t o  i t s  e f f o r t  on t h e  o u t p u t  c o n c e n t r a t i o n  
and t e m p e r a t u r e .  T h i s  would  be a " f e e d f o r w a r d "  c o n t r o l  l o o p .  F o r  t h i s  
e x a m p l e ,  how eve r ,  i t  w i l l  be assumed t h a t  t h e r e  was no way t o  a n t i c i p a t e  
s u c h  u p s e t s  and t h e i r  e f f e c t  c an  o n l y  be known by t h e  e f f e c t  on t h e  o u t p u t  
v a r i a b l e s .
F i g u r e s  V-21 t h r o u g h  V-23 show t h e  e f f e c t  o f  ch a n g e s  i n  f e e d  
c o n c e n t r a t i o n .  F i g u r e  V-21 i s  t h e  c o n c e n t r a t i o n  i*e s p o u s e .  F i g u r e  V-22 
shows t h e  v a r i o u s  t e m p e r a t u r e  r e s p o n s e s .  As would  be e x p e c t e d ,  t h e  
e f f e c t  (on  t h e  c o n c e n t r a t i o n  r e s p o n s e )  i s  g r e a t e r .  e q u a l  n i n e  i n
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F i g u r e  V-21
C o n c e n t r a t i o n  R esponse  f o r  
C o n s t a n t  D i s t u r b a n c e s  in  
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F ig u r e V - 2 2
T e m p e ra t u re  Response  f o r  
C o n s t a n t  D i s t u r b a n c e s  in  
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24 .3
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5 . 0 100 2 .5 7 .5
Time (win)
F i g u r e  V-23
H y b r id  C o n t r o l  f o r  C o n s t a n t  
Feed  C o n c e n t r a t i o n  D i s t u r b a n c e s
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s a m p le d ,  d e v i a t i o n s  f ro m  t h e  p r e c a l c u l a t e d  t e m p e r a t u r e  and c o n c e n t r a t i o n
a r e  d e t e c t e d  and t h e  c o n t r o l  a c t i o n  i s  c o r r e c t e d  a s  shown i n  F i g u r e  V-23.
N ote  t h a t  l e s s  c o n t r o l  a c t i o n  i s  needed  f o r  a f e e d  c o n c e n t r a t i o n  o f  
3
2 l b / f t  . T h i s  i s  b e c a u s e  t h e  f e e d  i s  e n t e r i n g  i n  a h i g h l y  r e a c t e d
s t a t e  and t h e  a d d i t i o n a l  Q i s  n o t  neede d -  F i g u r e  V-23 i s  a  d r a m a t i c
i l l u s t r a t i o n  t h a t  t h e  c o n t r o l l e r  i s  w o r k in g  p r o p e r l y .
F i g u r e s  V-24 t h r o u g h  V-26 show t h e  e f f e c t  o f  changes  i n  f eed
t e m p e r a t u r e .  F i g u r e  V-24 i s  t h e  c o n c e n t r a t i o n  r e s p o n s e  f o r  t h e  two
f e e d  t e m p e r a t u r e  d i s t u r b a n c e s  (T^, -  90,  1 5 0 ) .  Note  t h e  i n c r e a s e  i n
r e a c t i o n  r a t e  ( a s  shown by t h e  lo w er  c o n c e n t r a t i o n s )  f o r  t h e  c a s e  w i t h
h i g h e r  f e e d  t e m p e r a t u r e . .  F i g u r e  V-25 i s  t h e  e f f e c t  on the. r e a c t o r
t e m p e r a t u r e .  F i g u r e  V-26 i s  t h e  h y b r i d  c o n t r o l  a c t i o n  f o r  t h e s e
d i s t u r b a n c e s .  Note t h a t  much l e s s  c o r r e c t i o n  i s  made, t h a n  f o r  f eed
c o n c e n t r a t i o n  d i s t u r b a n c e s .  T h i s  i s  b e c a u s e  t h e  c o n t r o l  i s  a s t r o n g e r
f u n c t i o n  o f  c o n c e n t r a t i o n  t h a n  t e m p e r a t u r e  ( n o t e  g r e a t e r  e f f e c t  i n  T a b l e
V-2 o f  and o n  t h a n  T) and i s  due t o  t h e  f a c t  t h a t  we a r e  t r y i n g
2 2t o  m in im iz e  t h e  i n t e g r a l  o f  ( n o t  T ) .  F i g u r e  V-26 shows c o n t r o l l e r  
i s  w o r k i n g  p r o p e r l y .  F o r  t h e  i n c r e a s e  i n  f e e d  t e m p e r a t u r e  l e s s  h e a t  
t r a n s f e r  Q i s  needed  and t h e  p r o p e r  c o r r e c t i o n  i s  c a r r i e d  o u t .  The 
o p p o s i t e  i s  a l s o  t r u e  f o r  t h e  d e c r e a s e  i n  f e e d  t e m p e r a t u r e .
C o n c l u s i o n
T h i s  exam ple  shows t h a t  t h e  h y b r i d  c o n t r o l l e r  can  be im plem en ted  
f o r  t h e  f e e d b a c k  o p t i m a l  c o n t r o l  o f  c o m p l i c a t e d  h i g h l y  n o n l i n e a r  s y s t e m s .
I t  a p p e a r s  t h a t  t h e  r e s t r i c t i n g  f a c t o r  i n  u s e  o f  such  a 
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t h e  c o n t r o l l e r  r e q u i r e d  21 a m p l i f i e r s  o f  w h ic h  5 a r e  i n t e g r a t o r s .
Twelve  n o n l i n e a r  p i e c e s  o f  eq u ip m e n t  ( m u l t i p l i e r s ,  d i v i d e r s  and s q u a r e r s )  
w e re  a l s o  n e e d e d .
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N o m e n c la tu r e
A -  P a r a m e t e r  i n  A r r h e n i u s  t e m p e r a t u r e  e q u a t i o n
ADC - A n a lo g  t o  D i g i t a l  C o n v e r t e r
C, - C o n c e n t r a t i o n  o f  r e a c t a n t  A
A
C^ -  C o n c e n t r a t i o n  o f  A o b t a i n e d  on i t h  i t e r a t i o n  
A ■—
C . ^  - D e s i r e d  i n i t i a l  c o n c e n t r a t i o n  o f  A
AD
C,,.  - C o n c e n t r a t i o n  o f  f e e d
Af
Cp - H ea t  c a p a c i t y  o f  r e a c t o r  c o n t e n t s  
DAC - D i g i t a l  t o  A na log  C o n v e r t e r
H - H a m i l t o n i a n  f u n c t i o n
J  -  P e r f o r m a n c e  c r i t e r i o n
Q - H e a t  t r a n s f e r
SQ - Square):
T -  A b s o l u t e  t e m p e r a t u r e
T - D e s i r e d  i n i t i a l  t e m p e r a t u r e
V -  Volume, o f  r e a c t o r
W - Flow r a t e  o f  f e e d  t o  r e a c t o r
b -  C o n s t a n t  t e rm  i n  p e r f o r m a n c e  c r i t e r i o n
f  - N o n l i n e a r  f u n c t i o n
g - N o n l i n e a r  f u n c t i o n
k -  R e a c t i o n  r a t e  c o n s t a n t  d e f i n e d  by e q u a t i o n  V-12
k Q -  F r e q u e n c y  f a c t o r
t  - Time
t ^  - F i n a l  t i m e
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t  -  I n i t i a l  t i m eo
t  -  Sam pl ing  t im e
s
u ( t )  -  C o n t r o l  f u n c t i o n
u * ( t ) - O p t im a l  c o n t r o l  f u n c t i o n
x  - S t a t e  v a r i a b l e
\  -  A d j o i n t  o r  c o s t a t e  v a r i a b l e
p -  D e n s i t y  o f  r e a c t o r  c o n t e n t s
AH - H e a t  o f  r e a c t i o n
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CHAPTER VI
CONCLUSION
A pprox im ate  and s h o r t - c u t  methods  w ere  d e v e l o p e d  i n  t h i s  
d i s s e r t a t i o n  f o r  t h e  o p t i m a l  c o n t r o l  of  n o n l i n e a r  s y s t e m s .  I t  was 
shewn t h a t  good a p p r o x i m a t i o n s  t o  t h e  t h e o r e t i c a l  o p t i m a l  can be  
o b t a i n e d  and t h a t , i n  many c a s e s ,  c o n s i d e r a b l e  s a v i n g s  i n  c o m p u t a t i o n s  
a l s o  r e s u l t .
I n  C h a p t e r  I I ,  g r a p h i c a l  t e c h n i q u e s  w ere  d e v e l o p e d  w h ich  a l l o w  
t h e  u s e r  t o  e a s i l y  and r a p i d l y  o b t a i n  t h e  o p t i m a l  t e m p e r a t u r e  o r  t e m p e r a t u r e  
p r o f i l e  f o r  homogeneous ,  r e v e r s i b l e ,  e x o t h e r m i c  r e a c t i o n s .
I n  C h a p t e r  I I I ,  a d i r e c t  f i n i t e  d i f f e r e n c e  method was d e v e l o p e d  
and a p p l i e d  t o  a v a r i e t y  o f  l i n e a r  and n o n l i n e a r  o p t i m a l  c o n t r o l  
p r o b l e m s .  T h i s  r e d u c e d  t h e  s o l u t i o n  o f  t h e  o p t i m a l  c o n t r o l  p ro b le m  t o  
th e  s o l u t i o n  of  a  s e t  o f  a l g e b r a i c  e q u a t i o n s .  I t  was shown t h a t  t h i s  
method g i v e s  good r e s u l t s  a n d , i n  many c a s e s ,  i s  s i m p l e r  and more 
s t r a i g h t f o r w a r d  t h a n  c o n v e n t i o n a l  p r o c e d u r e s .
C h a p t e r  IV c o n s i s t s  o f  t h e  use  o f  a  m u l t i d i m e n s i o n a l  s e a r c h  
t e c h n i q u e  t o  d e t e r m i n e  a p p r o x i m a t e  o p t i m a l  f e e d b a c k  c o n t r o l  a l g o r i t h m s  
f o r  n o n l i n e a r  s y s t e m s .  Thi-s method p ro v ed  t o  g i v e  b e t t e r  r e s u l t s  t h a n  
does  l i n e a r i z a t i o n  and t h e  a p p l i c a t i o n  o f  o p t i m a l  c o n t r o l  t h e o r y .
I n  C h a p t e r  V, t h e  p ro b le m  o f  a p p r o x i m a t e  o p t i m a l  f e e d b a c k
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c o n t r o l  o f  n o n l i n e a r  s y s t e m s  was a l s o  c o n s i d e r e d . A t h e o r e t i c a l  
a p p r o a c h  was t a k e n  t h a t  r e s u l t e d  i n  a " h y b r i d  c o n t r o l l e r " .  T h i s  
c o n t r o l l e r  was shown t o  be a b l e  t o  com pensa te  f o r  l a r g e  d i s t u r b a n c e s .
APPENDIX A 
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COMPUTER PROGRAMS FOR CHAPTER V
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r HYP- '  ; r ' LX r p r p p \ r y  p
/"■i
0  T Mr ’ ’ ■ - l (  1 0 0 )
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C. L B OI C - M. ■■ L ’ T ^ f * ,r* " * N ^ ■ i
O A T /  • ; / ' ■ *' 1 * i * /
r S J L X ’ n T  1‘ L- Tt ' i  T C P T l  •- A I r j u TS
r TO Ol-'TT !•■■■.
CAL! t c o r  > • °  i )
CALL ■•--‘•a r  { .  r. 1 )
C A L L  - V T ( v . j - c , : L  i
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c C h CCX ALL" ;  ̂ c 1 | r  p , , ^ ^  rr ' j J ^
CALL PC.'. r n n  : , - , L*o
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